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Abstract 



Macdonald processes are probability measures on sequences of partitions defined in terms 
of nonnegative specializations of the Macdonald symmetric functions and two Macdonald 
parameters g, t G [0,1). We prove several results about these processes, which include the 
following. 

(1) We explicitly evaluate expectations of a rich family of observables for these processes. 
(2) In the case t = 0, we find a Fredholm determinant formula for a g-Laplace transform of the 
distribution of the last part of the Macdonald-random partition. (3) We introduce Markov 
dynamics that preserve the class of Macdonald processes and lead to new "integrable" 2d and 
Id interacting particle systems. (4) In a large time limit transition, and as q goes to 1, the 
particles of these systems crystallize on a lattice, and fluctuations around the lattice converge 
to O'Connell's Whittaker process that describe semi-discrete Brownian directed polymers. 
(5) This yields a Fredholm determinant for the Laplace transform of the polymer partition 
function, and taking its asymptotics we prove KPZ universality for the polymer (free energy 
fluctuation exponent 1/3 and Tracy- Widom GUE limit law). (6) Under intermediate disorder 
scaling, we recover the Laplace transform of the solution of the KPZ equation with narrow 
wedge initial data. (7) We provide contour integral formulas for a wide array of polymer 
moments. (8) This results in a new ansatz for solving quantum many body systems such as 
the delta Bose gas. 
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Chapter 1 
Introduction 



The principal goal of the present paper is to develop a formalism of Macdonald processes 
- a class of probability measures on Gelfand-Tsetlin patterns - and to apply it to studying 
interacting particle systems and directed random polymers. 

Our inspiration comes from three sides: The well-known success of the determinantal point 
processes in general, and the Schur processes in particular, in analyzing totally asymmetric 
simple exclusion processes (TASEPs) and last passage percolation problems (in one space 
dimension) ; the recent breakthrough |31 188] in finding exact solutions to the Kardar-Parisi- 
Zhang stochastic nonlinear PDE (KPZ equation, for short), based either on Tracy- Widom's 
integrability theory for the partially asymmetric simple exclusion process (PASEP) or on 
the replica trick coupled with Bethe ansatz solutions of the quantum delta Bose gas; and 
O'Connell's description of a certain random directed polymers in terms of eigenf unctions of 
the quantum Toda lattice known as class one Whittaker functions (for root systems of type 
A). 

The present work ties these developments together. 

The Macdonald processes are defined in terms of the Macdonald symmetric functions, 
a remarkable two-parameter family of symmetric functions discovered by Macdonald in the 
late 1980s [70]. The parameters are traditionally denoted by q,t. On the diagonal q = t, the 
Macdonald symmetric functions turn into the Schur functions, and the Macdonald processes 
turn into the Schur processes of [5^ 153] . The key feature that makes the Schur processes very 
useful is the determinantal structure of their correlation functions. This feature is not present 
in the general Macdonald case, which is one reason why Macdonald processes have not been 
extensively studied yet (see, however, [HI 1101] ). We find a way of utilizing the Macdonald 
operators - a sequence of difference operators that are diagonalized by Macdonald symmetric 
functions - for explicit evaluations of averages for a rich class of observables of Macdonald 
processes. 

In the case t = 0, these averages lead us to a Fredholm determinant representation of 
a g-Laplace transform of the distribution of the last part of a Macdonald-random partition. 
The appearance of the Fredholm determinant seems remarkable. As to our best knowledge, 
the Macdonald symmetric functions (either general ones or those for t = 0) do not carry 
natural determinantal structures (as opposed to the Schur functions). 
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In a different direction, we exhibit a family of Markov chains that preserve the class 
of Macdonald processes. The construction is parallel to that of [191 IlH] in the Schur case, 
and it is based on a much earlier idea of [36]. In the case t = 0, the continuous time 
version of these stochastic dynamics can be viewed as an interacting particle system in two 
space dimensions (whose Schur degeneration was studied in [19]). A certain one dimensional 
Markovian subsystem has a particularly simple description - it is a g-deformation of TASEP 
where a particle's jump rate equals 1 — g^"*', with 'gap' being the number of open spaces to 
the right of the particle; we call it g- TASEP. The Macdonald formalism thus provides explicit 
expressions for averages of many observables of these interacting particle systems started from 
certain special initial conditions. In particular, we obtain a Fredholm determinant formula 
for the g-Laplace transform of the distribution of any particle in g- TASEP started from the 
so-called step initial condition. 

We then focus on asymptotic behavior of certain specializations of the Macdonald pro- 
cesses. In what follows, the parameter t is assumed to be 0. 

We find that as g — >■ 1, in the so-called Plancherel specialization, the particles in the 
Macdonald-random Gelfand-Tsetlin pattern crystalize onto a perfect lattice (law of large 
numbers behavior). The scaled fluctuations of particles around this limiting lattice converge 
to the Whittaker process introduced by O'Connell [77] as the image of the O'Connell-Yor 
semi-discrete directed polymer under a continuous version of the tropical RSK correspon- 
dence. The process is now supported on triangular arrays of real numbers (without any 
interlacing condition). (This degeneration is parallel to the recently discovered degeneration 
of the Macdonald symmetric functions to the class one Whittaker function, see [B].) The 
Markov dynamics on Macdonald processes converge to dynamics on these triangular arrays 
which are not the same as those induced by the tropical RSK correspondence, but which 
were also introduced in [77] as a geometric version of Warren's process |1U3] . For a different 
choice of specialization, the fluctuations above converge to another version of the Whittaker 
process introduced in [32] as the image of Seppalainen's log-gamma discrete directed polymer 
under the tropical RSK correspondence of A.N. Kirillov [62] . 

Under the scalings to Whittaker processes, the Fredholm determinant formulas converge 
to similar formulas for the Laplace transform of the partition functions for these polymers 
(hence characterizing the free energy fluctuations). As one application of these new Fredholm 
determinant formulas we prove (via steepest descent analysis) that as time r goes to infinity, 
these polymers are in the KPZ universality class, i.e., their free energy fluctuates like r^/^ 
with limiting law given by the Tracy- Widom GUE distribution. Under a different scaling, 
known as intermediate disorder scaling, we show how to recover the Laplace transform for the 
partition function of the point-to-point continuum directed random polymer, i.e., the solution 
to the stochastic heat equation with delta initial data, or the exponential of the solution to 
the KPZ equation with narrow wedge initial data. Those familiar with the non-rigorous 
replica approach of [SB] or [2S] may observe that the unjustifiable analytic continuations 
and rearrangements necessary to sum the divergent moment series in those works (a.k.a. 
the replica trick), can be seen as shadows of the rigorous manipulations and calculations 
performed at the higher level of the Macdonald processes. 

From the point of view of the KPZ equation, we observe that the g- TASEP may now 
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be used as its 'integrable discretization' in a similar way as PASEP has been used, and we 
expect to present more results in this direction in future works. 

It has been known for a while that moments of exactly solvable polymer models solve 
certain quantum many body systems with delta interactions. This fact, together with Bethe 
ansatz computations, has been widely used in physics literature to analyze the polymers. The 
formalism of the Macdonald processes results in certain explicit integral formulas for those 
moments, that are thus solutions of the quantum many-body systems. 

Those contour integral solutions provide a new and seemingly robust ansatz for solving 
such systems without appealing to the Bethe ansatz. As one application we provide new 
formulas for the solution to the delta Bose gas, with the difference between attractive and 
repulsive interactions only coming in as a sign change in the denominator of our contour 
integral integrand - a striking contrast with the Bethe ansatz approach, where the two cases 
lead to very different sets of eigenfunctions. The range of potential applications of these new 
formulas remains to be investigated. 

The introduction below provides a more detailed description of our results. We would like 
to note that on many occasions, because of space considerations, the introduction will only 
give a sample statement, and for the full scale of the result the reader is encouraged to look 
into the body of the paper (we provide exact references to relevant statements throughout 
the introduction). 

1.0.1 Outline 

This paper is split into six chapters: 

• Chapter one is the introduction. We have attempted to make this fairly self-contained 
(at the cost of repeating certain definitions, discussions and results again in the main 
parts of the paper). 

• Chapter two contains the definition of Macdonald processes, the calculation of certain 
observables as contour integrals, and the development of dynamics which preserve these 
processes. Additionally, a review of properties of Macdonald symmetric functions is 
provided in this part for the readers' convenience. 

• Chapter three takes the Macdonald parameter t = (resulting in g-Whittaker pro- 
cesses) and contains the basic result that g-Laplace transforms of certain elements of 
these processes are Fredholm determinants. Specializing the g-Whittaker functions and 
focusing on a certain projection of the dynamics on the processes results in g-TASEP 
whose one-particle transition probabilities are characterized by a Fredholm determi- 
nant. 

• Chapter four includes the weak (in the sense of distribution) limit g — )■ 1 of g-Whittaker 
processes. Two g-Whittaker specializations (called Plancherel and pure alpha) are 
focused on. They lead to Whittaker processes which were previously discovered by 
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O'Connell [77] and Corwin, O'Connell, Seppalainen and Zygouras |32]. Laplace trans- 
forms for certain elements of those are now given by Fredholm determinants, and ex- 
ponential moments are given by contour integrals of a particularly simple form. Using 
the Fredholm determinant, a limit theorem is proved showing Tracy- Widom GUE fluc- 
tuations. 

• Chapter five uses the connection developed in [771 132] to relate the above mentioned 
formulas to the study of directed polymers in random media and via another limiting 
procedure, to the continuum directed random polymer and the KPZ equation. 

• Chapter six shows how the contour integral formulas developed here provide a new 
ansatz for solving a certain class of integrable quantum many body systems such as the 
delta Bose gas. 
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1.1 Macdonald processes 

The ascending Macdonald process Nlascidi, . . . .a^q] p) is the probability distribution on se- 
quences of partitions 

0^A«^A(=^)^---^A(^) (1.1) 

(equivalently Gelfand-Tsetlin patterns, or column-strict Young tableaux) indexed by positive 
variables ai, . . . ,a7v and a single Macdonald nonnegative specialization p of the algebra of 
symmetric functions, with 

/^v ^A{i)(«i)-Pa(2)/A{i)(«2) ■ ■ ■-PAW/A(JV-i)(«Af)QAw(p) 

n(ai, ...,aN]p) 

Here by a partition A we mean an integer sequence A = (Ai > A2 > . . . > 0) with 
finitely many nonzero entries ^(A), and we say that /i -< A if the two partitions interlace: 
/^j < Aj < yUj_i for all meaningful i's. In standard terminology, yU -< A is equivalent to saying 
that the skew partition A//i is a horizontal strip. 

The functions P and Q are Macdonald symmetric functions which are indexed by (skew) 
partitions and implicitly depend on two parameters q,t & (O;!)- Their remarkable proper- 
ties are developed in Macdonald's book ([70], VI) and reviewed in Section [2TT] below. The 
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evaluation of a Macdonald symmetric function on a positive variable a (as in Px/^{a)) means 
to restrict the function to a single variable and then substitute the value a in for that vari- 
able. This is a special case of a Macdonald nonnegative specialization p which is an algebra 
homomorphism of the algebra of symmetric functions Sym to C that takes skew Macdonald 
symmetric functions to nonnegative real numbers (notation: Px/^{p) > for any partitions A 
and fi). Restricting the Macdonald symmetric functions to a finite number of variables (i.e., 
considering Macdonald polynomials) and then substituting nonnegative numbers for these 
variables constitutes such a specialization. 

We will work with a more general class which can be thought of as unions of limits of such 
finite length specializations as well as limits of finite length diia/ specializations. Let {ai}j>i, 
{A}i>i! and 7 be nonnegative numbers, and Xli^il"^* + A) < Let p be a specialization 
of Sym defined by 



. ^ „ . ^ TT {taiU; q) 

n>0 i>l 



^ gn{p)u- = exp(7n) J] ^-^^^^ (1 + An) =: U{u; p). (1.2) 



Here u is a formal variable and Qn = Q{n) is the (g, t)-analog of the complete homogeneous 
symmetric function hn- Since (?„ forms a Q[g, t] algebraic basis of Sym, this uniquely defines 
the specialization p. This p is a Macdonald nonnegative specialization (see Section 12.2.11 for 
more details). 

Finally, the normalization for the ascending Macdonald process is given by 



TV 



n(ai, . . . , ctv; p) = JJ n(ai; p). 



i=l 



as follows from a generalization of Cauchy's identity for Schur functions. It is not hard to 
see that the condition of the partition function n(ai, . . . , oat; p) being finite is equivalent to 
QiUj < 1 for all j, and hence we will always assume this holds. 

The projection of M^sc to a single partition A'-'^-*, /c = 1, . . . , A^, is the Macdonald measure 

MM(a„ . . . , a,; p)(A(^)) = P^^^'^Mu ■ ■ ■ .a,)Q,^.Ap) 

n(ai, . . . ,afc;p) 

Macdonald processes (which receive a complete treatment in Section I2.2.2p were first 
introduced and studied by Vuletic |lUlj in relation to a generalization of MacMahon's formula 
for plane partitions (see also the earlier work of Forrester and Rains [H] in which a Macdonald 
measure is introduced). Setting q = t, both P and Q become Schur functions and the 
processes become the well-known Schur processes introduced in [82l |83] . One may similarly 
degenerate the Macdonald symmetric functions to Hall-Littlewood and Jack functions (and 
similarly for processes). In what follows, we will focus on a less well-known degeneration to 
Whittaker functions. 
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1.2 Computing Macdonald process observables 

Assume we have a linear operator D in the space of functions in variables whose restriction 
to the space of symmetric polynomials diagonalizes in the basis of Macdonald polynomials: 
T>P\ = d\P\ for any partition A with £(A) < A^. Then we can apply V to both sides of the 
identity 

^ P\{ai, aN)Q\{p) = n(ai, . . . , cat; p). 

A:£(A)<Af 

Dividing the result by n(ai, . . . , aj^; p) we obtain 

/ , \ Pn(ai,...,ajv;p) 
iil^ai, . . . , Oat, p) 

where (■)MM(ai,...,a]v;p) represents averaging • over the specified Macdonald measure. If we 
apply T) several times we obtain 

,,k\ _ P^n(ai,...,a;v;p) 

iil^ai, . . . , Otv, p) 

If we have several possibilities for V we can obtain formulas for averages of the observables 
equal to products of powers of the corresponding eigenvalues. One of the remarkable features 
of Macdonald polynomials is that there exists a large family of such operators for which they 
form the eigenbasis (and this fact can be used to define the polynomials). These are the 
Macdonald difference operators. 

In what follows we fix the number of independent variables to be A^ G Z>o- For any u G M 
and 1 < « < A^, define the shift operator T^^Xi by 

{Tu.xiF){xi, ...,xn)= F{xi, . . .,uxi, . . .,xn)- 

For any subset / C {!,..., A^}, define 

r(r-l) f-f tXj — Xi 

Ai{x-t)=t— Yl 



Finally, for any r = 1, 2, . . . , n, define the Macdonald difference operators 

I(Z{1,...,N} i&I 
\I\=r 

Proposition 1.2.1 ([TO] VI(4.15)). For any partition A = (Ai > A2 > ■ ■ ■ ) with \„t = for 
m > N 

D'^Pxixi, ...,Xn) = er{q^H''-\ q^H''-^ . . . , q^'')Px{xu ...,Xn). 
Here Cr is the elementary symmetric function, er{xi, . . . ,Xn) = X]i<ji<...<v<Af -^ji ' ' '^ir- 
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Although the operators do not look particularly simple, they can be represented by 
contour integrals by properly encoding the shifts in terms of residues (see Section 12.2.31 for 
proofs and more general results and discussion). 

Proposition 1.2.2. Assume that F{ui, . . . , un) = f{ui) ■ ■ ■ /(mtv)- Take xi, . . . ,xn > and 

assume that f{u) holomorphic and nonzero in a complex neighborhood of an interval in M 
that contains {xj, qXj}jLi. Then for r = 1,2, ... ,N 



iD^^F){x) = F{x).j^-^J...i^det 



N 



fc/=l , = 1 \m=l ^™ / ■'^^^^ 



tZk — Z£ 

(1.4) 

where each of r integrals is over positively oriented contour encircling {xi, . . . ,xn} and no 
other singularities of the integrand. 

Observe that n(ai, . . . , oat; p) = Y{^=i^{cii] p) . Hence, Proposition 11.2.21 is suitable for 
evaluating the right-hand side of equation (11. 3p . Observe also that for any fixed zi, . . . ,Zr, 
the right-hand side of equation (ll.4p is a multiplicative function of Xj's. This makes it possible 
to iterate the procedure. The simplest case is below (the fully general case can be found in 
Proposition 12.2. 15p . 

Proposition 1.2.3. Fix k > 1. Assume that F{ui,...,un) = /(mi) ■ ■ ■ /(mtv)- Take 
xi, . . . ,xn > and assume that f{u) holomorphic and nonzero in a complex neighborhood of 
an interval in M that contains {q^xj \ i = 0, . . . , k, j = 1 . . . , N}. Then 

{iDnt^){x) _ jt-iy" f f -TT (tZg - qZb){Za " ^fc) A TT (^^c " Xm) \ /(g^c) dz^ 

(SvrO'^ J"'J - qz,){tz, - z,) \\ ^1 (z, - x^) ) f{z,) z, ' 

where the Zc-contour contains {qzc+i, . ■ ■ , qzk, xi, . . . ,xn} and no other singularities for c = 
l,...,k. 

In Proposition 12.2.161 we describe another family of difference operators that are diago- 
nalized by Macdonald polynomials. 



1.3 The emergence of a Fredholm determinant 

Macdonald polynomials in N variables with t = are also known of as q-deformed 
Whittaker functions [H] . We now denote the ascending Macdonald process with t = as 
,t=o(oi, ■ ■ ■ lO-N'i p) and the Macdonald measure as MMt=o('2i; ■ ■ ■ ,0,^; p). In the paper 
we refer to these as q-Whittaker processes and q- Whittaker measures, respectively. 

The partition function for the corresponding g- Whittaker measure MMf=o(a^i! ■ ■ ■ ,0,^] p) 
simplifies as 

Px{ai, . . . ,aN)Qx{p) = Il{ai, . . . ,aN] p) = J]^ exp(7aj) J]^ ''^ 
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where p is determined by and 7 as before, and we assume aittj < 1 for all i.j so 

that the series converge. 

Let us take the limit t — of Proposition I1.2.3I For the sake of concreteness let us focus 
on a particular Plancherel specialization in which the parameter 7 > but all = /3j = 
for i > 1. Let us also assume that all = 1. For compactness of notation, in this case 
we will replace MMt=o(ai, • • • , otv! p) with MMp^. Similar results for general specializations 
and values of a^, as well as the exact statements and proofs of the results given below can be 
found in Section 13.11 

Write Pk = {q''-)^^. Then 



(-l)^g'''2 r r za-zb f{zi)---f{zk) ^ 

(o^Ak f - f 11 ....... dz,---dzk, (1.5) 



. fc(fc-i) 

Pk = iZi 

(2111)^ J J Za — QZb Zi ■ ■ ■ Zk 

\ J J J l<A<B<k ^ ^ ^ ^ ^ 

where f{z) = (1 — z)~^ exp{(g — 1)72} and where the 2j-contours contain {g^j+i, . . . , qz^, 1} 
and not 0. For example when /c = 2, ^2 is integrated along a small contours around 1, and zi 
is integrated around a slightly larger contour which includes 1 and the image of q times the 
Z2 contour. 

We may combine these g-moments into a generating function 



(C/(l - <l)Y /^.A.^ 



fc>0 '"I- \ vSy ) H)co I MM.Pi 

where kq\ = (g; (1 — g)" and (a; q)k = (1 — a) ■ ■ ■ (1 — aq^^^) (when k = 00 the product is 
infinity, though convergent since |g| < 1). This generator function is, via the g-Binomial the- 
orem, a g-Laplace transform in terms of the g-exponential function which can be inverted 
to give the distribution of Aat (see Proposition 13.1.1]) . As long as \(\ < 1 the convergence of 
the right-hand side above follows readily, and justifies the interchanging of the summation 
and the expectation. 

Remark 1.3.1. It is this sort interchange of summation and expectation which can not 
be justified when trying to recover the Laplace transform of the partition function of the 
continuum directed random polymer from its moments. In what follows we show how this 
generating function can be written as a Fredholm determinant. The non-rigorous replica 
approach manipulations of Dotsenko [M] and Calbrese, Le Doussal and Rosso [SB] can be 
seen as a shadow of the rigorous calculations we now detail (in this way, some of what follows 
can be thought of as a rigorous version of the replica approach). 

We can now describe how to turn the above formulas for g-moments of Aat into a Fredholm 
determinant for the g-Laplace transform. To our knowledge there is no a priori reason as 
to why one should expect to find a nice Fredholm determinant for the transform (and all 
of its subsequent degenerations). In Section [3.21 we provide similar statements for general 
specializations and values of a^, as well as the exact statements and proofs of the results given 
below. 



11 



In order to turn the series of contour integrals (11. 5p into a Fredholm determinant, it would 
be nice if all contours were the same. This can be achieved by either shrinking all contours 
to a single small circle around 1, or blowing all contours up to a single large circle containing 
and 1. We focus here on the small contour formulas and resulting Fredholm determinant 
(in Section 13.2.31 we provide a large contour Fredholm determinant as well, which has a very 
familiar form for those readers familiar with Tracy and Widom's ASEP formulas |98]). 

It follows by careful residue book-keeping (see Proposition I3.2.ip that 

/^^ ^ 1 (1-g)^ r r r . n^(A) 

kq\ ^ milms!--- {27ny(^) 



V 



A=l'"i2'"2... 



(1.6) 

where the Wj are all integrated over the same small circle C^, around 1 (not including and 
small enough so as no to include qCyj). The notation \ \- k means that A partitions k (i.e., 
if A = (Ai, A2, . . .) then A; = ^ Aj), and the notation A = l™i2™2 . . . means that i shows up 
rrii times in the partition A. 

Before stating our first Fredholm determinant, recall its definition. Fix a Hilbert space 
L^(X, yu) where X is a measure space and /i is a measure on X. When X = P, a simple 
smooth contour in C, we write -t'^(P) where n is understood to be the path measure along P 
divided by 2nL. When X is the product of a discrete set D and a contour P, n is understood 
to be the product of the counting measure on D and the path measure along P divided by 2Tn. 
Let K be an integral operator acting on /(■) G L'^{X,fi) by Kf{x) = fj^K{x,y)f{y)dfi{y). 
K{x, y) is called the kernel of K. One way of defining the Fredholm determinant of K, for 
trace class operators K, is via the series 

det(/ + K) = 1 + J2- ■■■ det [K{x,, x,)]l^^^ J] ^/^(^*)- 

n=l ^' i=l 

By utilizing the small contour formula for the /i^ given in (II. 6p we can evaluate the 
generating function as a Fredholm determinant (see Proposition 13.2.81 for a more general 
statement). Specifically, for all \(\ close enough to zero (and by analytic continuation for 

C G C\g^<«), 

^ det(J + K) 



where det(/ + K) is the Fredholm determinant of 

K : L2(Z>o X C^) ^ L2(Z>o x C^) 

defined in terms of its integral kernel 

^ C'fMf{qw,)---f{q-^-'w,) 
K (rii, wi; n2; W2) = (1.7) 

— W2 

with f{w) = (1 — w)^^ exp{{q — 1)7^} and a small circle around 1 (as above). 
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By using a Mellin-Barnes type integral representation (Lemma I3.2.13P we can reduce 
our Fredholm determinant to that of an operator acting on a single contour. The above 
developments all lead to the following result (Theorem 13.2. lip . 

Theorem 1.3.2. Fix p a Plancherel nonnegative specialization of the Macdonald symmetric 
functions (i.e., p determined by U.S^) with 7 > but all ai = /3i = for i > I). Then for all 

CgC\m+ 

^ det{I + Kc) (1.8) 



(C'?'^^) '?)oo / MMt=o(l,...,l;p) 

where det(/ + K(^) is the Fredholm determinant of 

for Cy, a positively oriented small circle around 1. The operator is defined in terms of its 
integral kernel 



1 pica+1/2 

K^iw,w') = — / r(-s)r(i + s)(-c)W(9lc?s 

J~LOO + l/2 



where 

gu^Mll = (^-p^Yew {^w{q^ - 1)). (1.9) 

q'w -w' \ {w; g)oo / 

The operator is trace-class for all ( & C \ M+. 

Note also the following (cf. Proposition 13.1.1"]) . 
Corollary 1.3.3. We also have that 

Pmm,=o(i,...,1;p)(^^ = n) = ^ I (g"C; g)oo det(J + Ki^)dC 

where Cn^q is any simple positively oriented contour which encloses the poles ( = for 
< M < n and which only intersects IR+ in finitely many points. 

A similar result can be found when p is given by a pure alpha specialization (7 = and 
Pi = for alH > 1) in the form of Theorem 14.2. 10[ 



1.4 New "integrable" interacting particle systems 

The Macdonald processes can be seen as fixed time measures on Gelfand-Tsetlin patterns 
evolving according to a certain class of dynamics. Discrete and continuous versions of these 
dynamics are constructed (see Section [2l3|) for general parameters t, g G (0, 1) via an approach 
of Borodin and Ferrari [19], that in its turn was based on an idea of Diaconis and Fill [36] . 
Other examples of such dynamics can be found in [211 [13 ISOl [231 [HI [221 [H]. Presently we 
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^(4)^(4) (4) (4) 
^(3) „(3) (3) 

3« • • • • •-► • • • • 

„(2)^(2) 

• • • • • • 

(a) 


(m) (m) / x*'""!'-^''"'-^ / x'^'-i-f^'x 

\+l H (i-,"'=-i '= + 1) 
•<3 - - - - -•^r^ at rate , > (m-ii^ 

(b) 


at rate (l — q^^-i x^^^ 
— \ — ^ 1 \ — • — • — 1 — »- 

(c) 



Figure 1.1: (a) First few steps of g-Whittaker 2d-growth model written in variables xj^ = 
A^™"* — k. (b) The rate at which x^™'' moves is influenced by three neighbors. The dotted 
arrows indicate whether the neighbor's influence increases (arrow to the right) or decreases 
(arrow to the left) the jumping rate, (c) Projecting onto the left edge leads to g-TASEP in 
which particle jump rates are only affected by the number of consecutive empty sites to their 
right. 



will focus on the continuous time Markov dynamics in the case t = as this degeneration 
results in simple, local updates. 

The q-Whittaker 2d-growth model is a continuous time Markov process on the space of 
Gelfand-Tsetlin patterns defined by (II. ip . Each of the coordinates X^"^ has its own indepen- 
dent exponential clock with rate 

(1 _ q^ti''-^'>r')(l - q^i^'-^it+^) 
(1 - q^k -\ +1) 

(the factors above for which the subscript exceeds the superscript, or either is zero must be 
omitted). When the A^'^^-clock rings we find the longest string A[™'* = A^™'^"^'' = ■ ■ ■ = A^."^'*'"'* 
and move all the coordinates in this string to the right by one. Observe that if A^'"^ = X^^i 
then the jump rate automatically vanishes. 

A natural initial condition for these dynamics is the zero pattern in which A^,'"'' = 0. When 
started from the zero pattern, and run for time 7 (with ai = a2 = ■ ■ ■ = 1), the marginal 
distribution of the entire GT pattern is given by the Plancherel specialization of the t = 
Macdonald (a.k.a. g-Whittaker) process Mp; (this follows from the more general result of 
Proposition I2.3.6P . 

, {m — 1) ^ (m) 

When k = m, the rates given above simplify to (1 — g ~ ^ ). This implies that 
the edge of the GT pattern {A^'^^}i<fc<Ar evolves marginally as a Markov process. If we set 

(k) 

Xk = Xf. — k ioT k = 1,2,..., then the state space consists of ordered sequences of integers 
Xi > X2 > X3 > ■ ■ ■ . The time evolution is given by a variant on the classical totally 
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asymmetric simple exclusion process (TASEP) which we call q-TASEP (note that g = 
reduces g- TASEP to TASEP). Now each particle jumps to the right by 1 independently of 
the others according to an exponential clock with rate i — g^^-i-^^i-i (here be 
interpreted at the number of empty spaces before the next particle to the right). The zero GT 
pattern corresponds to the step initial condition where x„(0) = — n, n = 1, 2, . . . (see Section 
13.3.31 for an interacting particle systems perspective on g- TASEP). The g- TASEP and its 
quantum version under the name "g-bosons" were introduced in |89] where their integrability 
was also noted. 

The moment and Fredholm determinant formulas apply to give statistics of the 2d-growth 
model and g- TASEP, and in this sense these models are integrable. For example, Theorem 
11.3.21 should enable a proof that g- TASEP, for g fixed, is in the KPZ universality class. For 
TASEP this was shown by Johansson [55] for step initial condition, and for ASEP by Tracy 
and Widom [HB]- Additionally, for ASEP, there is a weakly asymmetric scaling limit which 
converges to the KPZ equation with narrow wedge initial data [U [T3] - a connection which 
enables the calculation of one-point exact statistics for its solution [U |88]. For g- TASEP 
there should be such a limit as g — )■ 1 in which one sees the KPZ equation (see Section 15.4.41 
for a heuristic argument providing scalings). Such direct asymptotics of these models will be 
pursued elsewhere. Instead, we make an intermediate scaling limit which leads us first to the 
Whittaker processes and directed polymers, and then to the KPZ equation and universality 
class. 



1.5 Crystallization and Whittaker process fluctuations 

The class-one qIj^ -Whittaker functions are basic objects of representation theory and in- 
tegrable systems [6ll [39]. One of their properties is that they are eigenfunctions for the 
quantum gt^-Toda chain (see Section 1.1 1 for various other properties including orthogonal- 
ity and completeness relations). As showed by Givental [48], they can also be defined via the 
following integral representation 

1 1=1 




where A = (Ai, . 

k=l \i=l i=l / k=l i=l 

It was observed in [H] and proved below in Theorem 14.1.71 (along with uniform tail esti- 
mates) that Macdonald symmetric functions with t = (called here g- Whittaker functions), 
when restricted to N variables, converge to class-one [^-Whittaker functions as g — )■ 1 (and 
the various other parameters at play are properly scaled). 

It is not just Macdonald symmetric functions which converge to Whittaker functions. 
The g- Whittaker process (Macdonald process as t = 0) converges to the following measure 
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on M 2 which was first introduced and studied by O'Connell [77] (see Section [4.1.31 for a 
more general definition). 

For any r > set 



6'^(Xi, . . . ,X7v) = / ^^(xi, . . . ,XAr)e ^^^^=i''j'/^mAr(i/) TTc?i/j (1.11) 
with the Skylanin measure 



rriNW) 



n 



(2i)"(JV)! 11 T(l„i, - 



1 



N(N+1) 

and define the following Whittaker process as a measure on M 2 with density function 
(with respect to the Lebesgue measure) given by 

W(^)({Tfc,i}i<i<fc<Ar) = exp{J^o{T)) 9r{TN,i, . . .,Tn,n)- (1-12) 

The nonnegativity of the density follows from definitions. Integrating over the variables 
Tk^i with k < N yields the following Whittaker measure with density function given by 

WM(^)({TAr,j}i<j<Ar) = i:o{TN,i, ■ ■ ■ ,Tn,n) Or{TN,l, ■ ■ ■ ,Tn,n) ■ (1-13) 

The fact that this measure integrates to one follows from the orthogonality relation for 
Whittaker functions given in Section I4.1.1[ Note that the particles under this measure are 
no longer restricted to form GT patterns (i.e., lie on Z>o and interlace). 

Let us return to the g- Whittaker process. Introduce a scaling parameter e and set q = e"*^. 
Then for time 7 = e~^r one finds that as e — )■ (hence g — )■ 1 and 7 — t- 00) the g- Whittaker 
process on GT patterns crystalizes onto a regular lattice. The fluctuations of the pattern 
around this limiting lattice converge under appropriate scaling to the above defined Whittaker 
process (see Section [4.1.31 for a more general statement and proof of this result). 

Theorem 1.5.1. Fix p a Plancherel nonnegative specialization of the Macdonald symmetric 
functions (i.e., p determined by with 7 > but all = /3j = for i > 1) and write 

Mpi for the q-Whittaker process 'M.asc,t=o{^^ ■ ■ ■ A] P)- ^iT' the limit regime 

q = e-\ l = Te-\ \f = re-^ - {k + I - 2])e-Hoge + Tu,,e-\ I < J < k < N, 

(1.14) 

converges weakly, as e 0, to the Whittaker process ^(r){{Tk,i}i<i<k<N) ■ 

The dynamics of the g- Whittaker 2d-growth model also have a limit as the following 
Whittaker 2d-growth model (see Section [4.1.31 for a general definition). This is a continuous 

time (r > 0) Markov diffusion process T(r) = {Tkj{T)}i<j<k<N with state space M 2 
which is given by the following system of stochastic (ordinary) differential equations: Let 
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{^k,j}i<j<k<N be a collection of independent standard one-dimensional Brownian motions. 
The evolution of T is defined recursively by dTi^i = dWi^i and for /c = 2, . . . , iV, 

dTk,2 = dWk.2 + {f^-^'^-^^'^ - e^'=.2-^'=-i.i) dr 

dTk.k-i = dWk,k-i + (e^'=-i.'=-i-^fc.'=-i - e^'=.'=-i-^'=-i.'=-2) dr 
dTk,k = dWk,k - (e^'=-^-^'=-i-'=-i) dr. 

It follows from Theorem 11.5.11 and standard methods of stochastic analysis that the above 
g-Whittaker 2d-growth model initialized with zero initial GT pattern converges (under scal- 
ings as in (11.141) ) to the Whittaker 2d-growth model with entrance law for {Tkj{S)}i<j<k<N 
given by the density W(5) {{Tkj}i<j<k<N) for S > 0. Let us briefly describe this limit result 
for the N = 2 dynamics. Under the specified g- Whittaker dynamics, the particle A^^^ evolves 
as a rate one Poisson jump process. In time re~^, A^^^ is macroscopically at re~^. In an 
scale, the particle's dynamics converge (as e — > 0) to that of a standard Brownian motion 
Wi^i- Turning to X2 , the entrance law provided by Theorem 11.5.11 shows that 

A«(r) - Af (r) = 2e-' loge'^ + [Ti,i(r) - T2,2(r)] 6"^ 

Thus the jump rate for Ag is given by 

1 _ = 1 _ g2gr2,2(r)-Ti,i(r)_ 

In the time scale e~^, T2^2 behalves like a Brownian motion H^2,2 plus a drift due to this 
perturbation of — e^e"^^'^'-"^^""^^'^'-'^^ - exactly as given by the Whittaker 2d-growth model. The 
argument for A2^^ is similar. 

O'Connell proved ([77j Section 9) that the projection of the Whittaker 2d-growth model 
onto {TN,jiT)}i<j<N is itself a Markov diffusion process with respect to its own filtration with 
entrance law given by density WM(^) i{TN,j}i<j<N) and infinitesimal generator given by 

C = l^^Jo'H^|Jo, (1.15) 
where H is the quantum gl^y-Toda lattice Hamiltonian 

N-l 

H = A-2^e'^+^-''\ 
i=i 

The g-Laplace transform generating function and Fredholm determinant of Theorem ll.3.21 
has a limit under the g — ?■ 1 scalings (see Section l4.1.6l for a more general statement and proof) 

Theorem 1.5.2. For any u>Q, 



-T, 



e-"^ '^'"^ ) = det(/ + K^) (1.16) 
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where det(/ + Ku) is the Fredholm determinant of 

: L'iCs) ^ L\Cs) 

for Cs a positively oriented contour containing the origin of radius less than 6/2 with any 
< 6 < 1. The operator is defined in terms of its integral kernel 

1 f'^+^ f Tiv-l) \ ^ „^e^"^+"'/2 



1 /■'°°+'^ / Viv -I) \ 



1.6 Tracy- Widom asymptotics for polymer free energy 

O'Connell [77] introduced the Whittaker process to describe the free energy of a semi-discrete 
directed polymer in a random media (see Section 15.11 for general background on directed 
polymers or Sect ion I5l2] for more on this particular model). We refer to this as the O'Connell- 
Yor semi-discrete directed polymer, as it was introduced in [80]. Define an up/right path in 
M X Z as an increasing path which either proceeds to the right (along a copy of M) or jumps 
up (in Z) by one unit. For each sequence < Si < ■ ■ ■ < s^^i < r we can associate an 
up/right path from (0, 1) to {t,N) which jumps between the points (sj,i) and {si,i + 1), 
for i = 1, . . . , N — 1, and is continuous otherwise. The polymer paths will be such up/right 
paths, and the random environment will be a collection of independent standard Brownian 
motions B{s) = (i?i(s), . . . , Bn{s)) for s > 0. The energy of a path is given by 

E(0) = B,{si) + {B2{S2) - B^isi)) + ■■■ + (BNit) - Bm{sn^i)) • 

The (quenched) partition function Z^(r) is given by averaging over the possible paths: 

Z^(r) = j e^(^)d0, 

where the integral is with respect to Lebesgue measure on the Euclidean set of all up/right 
paths (i.e., the simplex of jumping times < Si < ■ ■ ■ < Sat-i < r). One can similarly 
introduce a hierarchy of partition functions (r) for < n < by setting Zq (r) = 1 and 
for n > 1, 

Z^(r)= / e^"-^(^-)#i (1.17) 

JDnir) 

where the integral is now with respect to the Lebesgue measure on the Euclidean set Dn{T) 
of all n-tuples of non-intersecting (disjoint) up/right paths with initial points (0,1),..., (0, n) 
and endpoints (r, — n + 1), . . . , (r, TV). 

The hierarchy of free energies (r) for 1 < n < if defined as 

F^fr) = log ( 

Among these, F^(r) is the directed polymer free energy. 
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It is shown in [77] Theorem 3.1 that as a process of r, (— Fj^(r), . . . , — F^(r)) is given by 
the Markov diffusion process with entrance law given by density WM(^) (— Fj^(r), . . . , — F^(r)) 
and infinitesimal generator given by fll.lSp . Note that this means that F^{t) and — T/v,Ar(T) 
are equal in law and thus we may apply Theorem 11.5.21 to characterize the distribution of the 
free energy F^(r) of the O'Connell-Yor polymer. The form of the Fredholm determinant is 
such that we may also calculate a limit theorem for the free energy fluctuations as r and N 
go to infinity. 

Before taking these asymptotics, let us motivate the limit theorem we will prove. Since 
the noise is Brownian, scaling time is the same as introducing a prefactor /3 in front of E{(f)) 
above. Generally, (3 is called the inverse temperature, and taking time to infinity is like taking 
P to infinity (or temperature to zero). The limit of the free energy hierarchy (divided by /3) as 
/3 goes to infinity and time is fixed, is described by a coupled set of maximization problems. 
In particular, regarding Fj^(r), 



Mf(r) := hm ^log /, 



max Bi{si) + {B2{s2) - B^isi)) + ■ ■ ■ + (BNir) - Bn{sn-i)) . 

0<Sl<---<Sff_l<T 

As recorded in [77] Theorem 1.1 (see the references stated therein), {t = 1) is dis- 
tributed as the largest eigenvalue of an x GUE random matrix (in fact the limit of the 
entire free energy hierarchy has the law of the standard Dyson Brownian motion). It follows 
from the original work of Tracy and Widom [53] and also [1U| [75] that 

.:.p(^^i>i^,.)^W.). (I.I8) 

The polymer universality belief (see [31]) holds that all polymers in one space and one 
time dimension (with homogeneous and light-tailed noise) should have the same asymptotic 
scaling exponent (1/3) and limit law (-Fgue)- 

In order to state our result here, recall the Digamma function '^{z) = [logr]'(2). Define 
for K > 

/. = inf(«:t-vl/(t)), 

and let denote the unique value of t at which the minimum is achieved. Finally, define the 
positive number (scaling parameter) = — \l/"(tK). 

Then by taking rigorous asymptotics of the Fredholm determinant of Theorem 11.5.21 (for 
a proof see Theorem I4.1.46P we have 



Theorem 1.6.1. For all N, set t = Nk. For k > large enough, 
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The condition on k being large is artificial and presently comes out of technicalities in 
performing the steepest descent analysis of the Fredholm determinant of Theorem ll.5.2[ In 
[T7] the above technical issues are overcome and the theorem is extended to all k > 0. Note 
that the double exponential on the left-hand side of fll.l6p becomes an indicator function 
(and hence its expectation becomes a probability) since e'^" " _s. 1^^^ ^ — >■ oc. The 
law of large numbers with the constant was conjectured in [80] and proved in [73]. A 
tight one-sided bound on the fluctuation exponent for F]^(t) was determined in [93]. Taking 
K — 7- oo one recovers (11.181) . Spohn [9l] has recently described how the above theorem fits 
into a general physical KPZ scaling theory. 

There exists a similar story to that presented above when the O'Connell-Yor polymer is 
replaced by the log-gamma discrete directed j)o/i/mer introduced by Seppalainen [92]. Using 
A.N. Kirillov's [621 [76] tropical RSK correspondence, Corwin, O'Connell, Seppalainen and 
Zygouras [32] introduce a different Whittaker process to describe the free energy hierarchy 
for this polymer (see Section for more on this). Presently we call this the a- Whittaker 
process (see Section 14. 2p and it arises as the limit of the Macdonald process when p is a pure 
alpha specialization (some aj > 0, = for alH > 1 and 7 = 0). 



1.7 Solvability of the KPZ equation 

The continuum directed random polymer (CDRP) is the universal scaling limit for discrete 
and semi-discrete polymers when the inverse-temperature /3 scales to zero in a critical manner 
(called intermediate disorder scaling) as the system size goes to infinity (this was observed 
independently by Calabrese, Le Doussal and Rosso [26] and by Alberts, Khanin and Quastel 
[1] and is proved in [2] for discrete polymers and in [72] for the O'Connell-Yor semi-discrete 
polymer). In the CDRP, the polymer path measure is the law of a Brownian bridge and the 
random media is given by Gaussian space time white noise. 
The CDRP partition function is written as (see [U 130] ) 

Z{T,X) =p{T,X)e' 



exp: 1^ W{t,b{t))dt 



where E is the expectation of the law of the Brownian bridge b{-) starting at X at time and 
ending at at time T. The Gaussian heat kernel is written as p(T, X) = {27r)~^^'^e~^ 1^ . The 
expression : exp : is the Wick exponential and can be defined either through a limiting smooth- 
ing procedure as in [12] or via Weiner-Ito chaos series [Ij. Via a version of the Feynman-Kac 
formula, ZiT^X) solves the well-posed stochastic heat equation with multiplicative noise and 
delta function initial data: 

drZ = \d\Z - ZW, Z(0, X) = 5x=o. 

Due to a result of Mueller [71], almost surely Z{T,X) is positive for all T > and X G M, 
hence we can take its logarithm: 

'HiT,X)=\ogZ{T,X). 
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This is called the Hopf-Cole solution to the Kardar-Parisi-Zhang (KPZ) equation with narrow 
wedge initial data [Ml HSl H]. Formally (though it is ill-posed due to the non-linearity) the 
KPZ equation is written as 

We may perform an intermediate disorder scaling limit of the Fredholm determinant of 

Theorem ll.5.2[ Under this scaling, the double exponential in the left-hand side of (11.161) is 

preserved, giving us a Laplace transform of Z. We find that for u = sexp{— — |^A^^/^ — 
iVlog(Ti/2Ar-V2)}^ 

(e-^(T,o)) = = det(/ + i^.e-/-)L^(o,oo) (1.19) 

where det(/ -|- Kg) is the Fredholm determinant with kernel 

Ks{r,r') = 

where kt = 2~^/^T^/^ and Ai is the Airy function. 

This is shown in Section 15.4.31 by expanding around the critical point of the kernel in 
Theorem 11.5.21 (under the above scalings). A rigorous proof of this result (which requires 
more than just a critical point analysis) is provided in [T7] . 

The equality of the left-hand and right-hand sides of fll.l9p is already known. It follows 
from the exact formulas for the probability distribution for the solution to the KPZ equation 
which was simultaneously and independently discovered in [U [88] and proved rigorously in 
[1]. Those works took asymptotics of Tracy and Widom's ASEP formulas [961 EH EH] and 
rely on the fact that weakly scaled ASEP converges to the KPZ equation [131 II]- It has been 
a challenge to expand upon the solvability of ASEP as necessary for asymptotics (see [HSj for 
the one such extension to half- Bernoulli initial conditions and [33] for the resulting formula 
for the KPZ equation with half-Brownian initial data). The many parameters (the a^'s, a^'s, 
and Pi\s) we have suppressed in this introduction can be used to access statistics for the 
KPZ equation with other types of initial data, which will be a subject of subsequent work 

(cf. my 

Soon after, Calabrese, Le Doussal and Rosso [26] and Dotsenko [38] derived the above 
Laplace transform through a non-rigorous replica approach. There, the Laplace transform is 
written as a generating function in the moments of Z{T,0). The A^-th such moment grows 
like e'^^^ and hence this generating function is widely divergent. By rearranging terms and 
analytically continuing certain functions off integers, this divergent series is summed and the 
Laplace transform formula results. These manipulations can actually be seen as shadows of 
the rigorous manipulations performed at the Macdonald process level. 

1.8 Moment formulas for polymers 

We previously saw that due to the large family of difference operators diagonalized by the 
Macdonald symmetric functions, we can derive contour integral formulas for a rich family of 



/ s 

I ^^^Ai(t - r)Ai(t - r')c^t 
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observables for Macdonald processes (in this introduction, Propositions 1 1 . 2 .T] and [L2^ as well 
as more general statements in Sections 12.2.31 and I3.1.3p . The limit which takes Macdonald 
processes (and g-Whittaker processes) to Whittaker processes turns these observables into 
moments of the partition function hierarchy (e.g., fll.l7p ). 

Let us focus on Proposition II. 2. 2l and its limit. This proposition calculated the Macdonald 
process expectation of q^'^N , In the scalings of Theorem 11.5.11 this becomes the Whittaker 
process expectation of e"'^"'"^-^ (see Section l4.1.4l for general precise statements of this sort). It 
follows from the above discussed connection between Whittaker processes and the O'Connell- 
Yor semi-discrete polymer that (see Section [5.2.21 for more general statements and a proof of 
this result which appears as Proposition I5.2.7P 

Proposition 1.8.1. For any N > 1, k > 1 and r > 0, 




where the Wj-contour contains {wj+i + 1, ■ ■ ■ ,Wk + 1,0} and no other singularities for j = 
l,...,fc. 

An intermediate disorder scaling limit of this result leads to contour integral formulas for 
moments of the CDRP (see Section [5.4.21 for more general statements). 

Proposition 1.8.2. For k >1 and T > 0, 

^ ^ l<A<B<k ^ ^ j=l 

where the z^-contour is along Ca + lM. for any Ci > C2 + 1 > C3 + 2 > ■ ■ ■ > Cjt + (A; — 1). 

Note that since Z{T, X)/p{T, X) is a stationary process in X [3], this likewise gives 
formulas for all values of X G M. 

Let us work out the k = 1 and k = 2 formulas explicitly. For k = 1, the above formula 
gives {Zi(T, X)^) = (27rT)~^/^ which matches p(T,0) as one expects. When k = 2 we have 
(see Remark [5. 4. 5 p 

{2i{T, Of) = ^ (1 + V^e^HVT/2)) , 

where 

$(s) = e-'"/^dt. 
V27r j_oo 

This formula for /c = 2 matches formula (2.27) of [12] where it was rigorously derived via 
local time calculations. 
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1.9 A contour integral ansatz for some quantum many 
body systems 

Moments of the exactly solvable polymer models studied above solve certain quantum many 
body systems with delta interactions. This fact is the basis for the rephca approach employed 
in this area since the work of Kardar [57] . Let us focus on the moments of the CDRP (details 
and discussion are in Section 16.21 whereas Section 16.11 deals with the O'Connell-Yor semi- 
discrete polymer). 

Let = {Xi < X2 < ■ ■ ■ < Xn} be the Weyl chamber. We say that a function 
solves the delta Bose gas with coupling constant k G M and delta initial 

data if: 

• For X G W^, 

• On the boundary of W^, 



and for any / G ^^(W^) H (7(W^), as t ^ 

TV! / f{x)uiX-t)dX^f{0). 



When K > this is called the attractive case, whereas when k < this is the repulsive case. 
Note that the boundary condition is often included in PDE so as to appear as 

dru = |Am + |k ^ 6{Xi - Xj)u. 

The relevance of the delta Bose gas for the CDRP is that 

/ 

u{X;T) = (l[Z{T,X, 
\i=i 

solves the attractive delta Bose gas with coupling constant k = 1 (attractive) and delta initial 
data. 

Inspired by the simplicity of Proposition 11.8.21 which gives u{X; T) when Xi = 0, we 
propose and verify the following contour integral ansatz for the solution to this many body 
problem. 

Proposition 1.9.1. Fix N > 1. The solution to the delta Bose gas with coupling constant 
K G M and delta initial data can be written as 

N 

where the zj-contour is along aj + for any ai > a2 + k, > 0^3 + 2k, > ■ ■ ■ > aN + (N — 1)k,. 
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The proof of this resuh (given in Section 16. 2p is straightforward. In particular, it is easy 
to check that as T — this provides the correct delta initial data. 

One should note that the above proposition deals with both the k > (attractive) and 
K < (repulsive) delta Bose gas. This reveals a symmetry between the two cases which to our 
knowledge was previously unknown in the literature. An alternative and much earlier taken 
approach to solving the delta Bose gas is by demonstrating a complete basis of eigenfunctions 
(and normalizations) which diagonalize the Hamiltonian and respect the boundary condition. 
The eigenfunctions were written down in 1963 for the repulsive delta interaction by Lieb 
and Liniger [66] by Bethe ansatz. Completeness was proved by Dorlas [37] on [0, 1] and 
by Heckman and Opdam [50] and then recently by Prolhac and Spohn (using formulas of 
Tracy and Widom [100] ) on R (as we are considering presently). For the attractive case, 
McGuire [71] wrote the eigenfunctions in terms of string states in 1964. As opposed to the 
repulsive case, the attractive case eigenfunctions are much more involved and are not limited 
to bound state eigenfunctions (hence a lack of symmetry with respect to the eigenfunctions). 
The norms of these states were not derived until 2007 in [25] using ideas of algebraic Bethe 
ansatz. Dotsenko [38] later worked these norms out very explicitly through combinatorial 
means. Completeness in the attractive case was shown by Oxford [H], and then by Heckman 
and Opdam [50], and recently by Prolhac and Spohn [86] . 

The work [66 1 llOOl 1381 [261 186] provide formulas for the propagators (i.e., transition prob- 
abilities) for the delta Bose gas with general initial data. These formulas involve either 
summations over eigenstates or over the permutation group. In the repulsive case it is fairly 
easy to see how the formula of Proposition 11.9.11 is recovered from these formulas. 

For the attractive case we can use a degeneration of the identity given in fll.6p to turn 
the moment formulas of Proposition 11.9.11 into the formulas given explicitly in Dotsenko's 
work [3B] • The reason why the symmetry, which is apparent in Proposition 11.9. H is lost 
in the eigenfunction expansion is due to the constraint on the contours. In the repulsive 
case K, < and the contours are given by having the 2j-contour along aj + lR for any 
ai > a2 + K > + 2n > ■ ■ ■ > aN + {N — The contours, therefore, can be taken to 
be all the same. It is an easy calculation to turn the Bethe ansatz eigenfunction expansion 
into the contour integral formula we provide. The attractive case leads to contours which 
are not the same. In making the contours coincide we encounter a sizable number of poles 
which introduces many new terms which agrees with the fact that there are many other 
eigenfunctions coming from the Bethe ansatz in this case. 

The ansatz applies in greater generality (revealing the role of each part of the contour 
integrals, see Remark I6.2.8P and is useful in solving many body systems which arise in the 
study of other polymers (e.g., for semi-discrete polymers such as the O'Connell-Yor or discrete 
parabolic Anderson models see Section [6?T|) . 
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Kardar-Parisi-Zhang universality class fixed point 
(Airy2 process and Tracy- Widom GUE distribution) 




Figure 1.2: A flowchart for Macdonald processes and some of their specializations and lim- 
its. Taking t — !■ we focus on two specializations: Plancherel (primarily) and pure alpha. 
The pure alpha case degenerates to the Plancherel as the number of alpha variables grows 
to infinity. In the Plancherel case we define g- Whittaker process and measures. Natural 
dynamics on Gelfand Tsetlin patterns which preserve these processes are given by the q- 
Whittaker 2d-growth model. A marginal of these dynamics is the g-TASEP. Taking g — )■ 
yields the Whittaker processes (from the Plancherel specialization) and the a- Whittaker pro- 
cesses (from the pure alpha specialization). Again, taking n — )■ 00 takes the a- Whittaker 
processes to the Whittaker processes. These processes now encode the partition functions of 
directed polymers - the O'Connell-Yor semi-discrete polymer and Seppalainen's log-gamma 
polymer (respectively). There are two natural scaling limits for these polymers. The first is 
the intermediate disorder scaling in which the polymer inverse temperature is taken to zero 
as the other parameters go to infinity. In both cases, the polymer converge to the contin- 
uum directed random polymer, whose free energy is the solution to the Kardar-Parisi-Zhang 
stochastic PDE. The other scaling limit is the strong disorder scaling in which inverse temper- 
ature is fixed and positive and the other parameters are taken to infinity. Now the polymer 
free energy converges to the Tracy- Widom GUE statistics of the Kardar-Parisi-Zhang uni- 
versality class fixed point. 25 



Chapter 2 



Macdonald processes 



2.1 Definition and properties of Macdonald symmetric 
functions 

So as to make our work self-contained we provide a brief review of all of the properties and 
concepts related to Macdonald symmetric functions which we will be utilizing. Our main 
reference for this material is the book of Macdonald [70] . 



2.1.1 Partitions, Young diagrams and tableaux 

A partition is a sequence A = (Ai, A2, . . .) of nonnegative integers such that Ai > A2 > ■ ■ ■ . 
The length i{X) is the number of non-zero Aj and the weight |A| = Ai -|- A2 -l- ■ ■ ■ • If |A| = n 
then A partitions n. An alternative notation is A = l"^i2'"^--- where rrt, represents the 
multiplicity of i in the partition A. The natural (partial) ordering on the space of partitions 
is given by A > /i if and only if 

\i + ■ ■ ■ + \i > fii + ■ ■ ■ + fii for all i > 1. 

A partition A can be graphically represented as a Young diagram with Ai left justified 
boxes in the top row, A2 in the second row, and so on. Thus represents the number of 
rows with exactly i boxes. Define Y to be the set of all partitions. The transpose of a Young 
diagram is denoted A' and defined by the property A^ = |{j : Aj > i}\- Some of these concepts 
are illustrated in Figure 12.11 

Given two diagrams A and fi such that A D /i (as a set of boxes), we call the set-difference 
6 = X — fi a. skew Young diagram. A skew Young diagram ^ is a horizontal m strip ii \0\ = m 
and if in each column, 6 has at most one box. A column-strict (skew) Young tableaux T is a 
sequence of partitions A*^*); 

;, = A(°)cA(i)c---cAM = A (2.1) 

such that 9^'^ = \^'^ - A^^-^) are all horizontal strips (For such a pair of partitions we also 
write A*-'""*^' -< A*^*-* ). If /x = then this is also known of as a semi-standard Young tableaux 
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Figure 2.1: The Young diagram A = (5,3,2,2) and its transpose (not shown) A' = 
(4,4,2, 1, 1). The length i{X) = 4 and weight |A| = 12. The Young diagram /i = (3,2,2, 1) 
is such that A D /i. The skew Young diagram A — /i is shown in black thick lines and is a 
horizontal 4-strip. 

and if one fills each skew diagram 6^^^ with the label i, then these numbers must be strictly 
increasing in each column and weakly increasing in each row. The shape of T is A — and 
(|^W|, . . . ^ is the weight of T. One may likewise define a vertical m strip and 

row-strict (skew) Young tableaux by transposing the role of rows and columns. 

We occasionally will use the notation A U Dfc which is the Young diagram formed by 
appending an additional square to row k of A. 

2.1.2 Symmetric functions 

The ring of polynomials in n independent variables with rational coefficients is denoted 
Q[a;i, . . . iXj^- The symmetric group Sn acts on such polynomials by permuting the variable 
labels. A symmetric polynomial is any polynomial in Q[xi, . . . which is invariant under 
this action. The symmetric polynomials form a subring and additionally have the structure 
of a graded ring 

Sym, = Q[a:i,...,a;„]^"=0SymJ: 

fc>0 

where Sym^ consists of all homogeneous symmetric polynomials of degree k. 

For a = («!, . . . , an) € Z>q we write x° = x"^ ■ ■ -x"". A permutation vr G S'„ acts on 
a vector a by permuting its indices. For any partition A such that i{X) < n, the monomial 
symmetric polynomial m\ is defined as 

mx{xi, ...,Xn) = y^^x''^^\ 

where the summation is over all tt E Sn yielding unique monomials x'^^'^\ The collection of 
mx, for A running over all partitions of length less than or equal to n, form a Q-basis for 
Sym,„. Restricting to A such that |A| = k, the mx form a Q-basis of Sym^. 

It is often more convenient to work with an infinite number of independent variables. 
This is achieved (see [70] 1.2) in the following way: for m > n, pm^n is a homomorphism from 
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Sym^ to Sym„ (here m>n) defined by taking a symmetric polynomial /(xi, . . . , x^, . . . , x^) 
to /(xi, . . . , x„, 0, . . . , 0). Restricted to the monomial symmetric polynomial basis, pm,n 
takes m\{xi, . . . ,Xm) to m\{xi, . . . ,Xn) if ^(A) < n and to otherwise. The homomor- 
phism is surjective, as is its restriction from Sym^ to Sym^. We form the inverse limit 
Sym'^ = lim^ Sym^ of the Q-modules Sym^ relative to the homomorphisms p^n- Sym'^ has a 
Q-basis consisting of the monomial symmetric functions mx (for all A such that |A| = k) de- 
fined by p^{mx) = mx{xi, . . . , Xn) for all n > k. We define Sym = 0;j>o Sym'^ to be the ring 
of symmetric functions in countably many independent variables xi,X2, ■ ■ ■■ There exist sur- 
jective homomorphisms p„ from Sym to Sym„ which act by restricting mx to mx{xi, . . . , x„) 
if |A| < n, or otherwise zero. These are ring homomorphisms and thus give Sym the structure 
of a graded ring. We will use the term symmetric function when dealing with elements of 
Sym (as they are not, in fact, polynomials but rather formal infinite sums of monomials) and 
polynomial when dealing with elements of Sym^ for some n. 

Besides the monomial symmetric functionssymmetric functionslmonomial, there exist a 
number of other bases for Sym. The most simple among these are: 

• The elementary symmetric functions Cr := rriir (recall that V represents the partition 
(1, 1, ... , 1) with r entries). Then Sym = span(eA|A G Y) with cx = ^x^^ex^ ■ ■ ■ ■ 

• The complete homogeneous symmetric functions hr ■= X]|A|=r"^A- Then Sym = span(/iA|A G 
Y) with hx = hx^hx2 ■ ■ ■ ■ 

• The power sum symmetric functions pr '■= rrir. Since r represents the partition A = (r) 
this translates formally into pr = Yl^i- From power sums we form px = Y[t=i P^i ■ 
Then Sym = span(pA|A G Y). 

Less obvious symmetric functions include those of Schur, Hall-Littlewood, and Jack. They 
are all indexed by partitions and share the characteristic that they can be uniquely defined 
(via Gram-Schmidt - although the existence of the needed basis is nontrivial as we use 
partial order) from the following two properties: (a) They can be expressed in terms of 
the monomial symmetric functions via a strictly upper unitriangular transition matrix (for 
instance the Schur functions Sx = rrix + X]^<AeY -^A^t^^^t where Kx^ are the Kostka numbers); 
(b) They are pairwise orthogonal with respect to a scalar product under which the power 
sum symmetric functions are orthogonal. The specific scalar product differs between the 
functions. For the Schur functions it is defined by {px,P^i) = ^x^zx where zx = Y\i>ii^' (jni)^- 
(here A = l'^i2"*2 . . . ) and where dxfj. is the indicator function that A = p. For the Hall- 
Littlewood functions zx is replaced by zxif) = zx Hii'i ~ ^^'~^)^ where t G (0, 1) - and now 
the coefficients are in Q[t]. For Jack's symmetric functions zx is replaced by zxa^^^^ for a > 
- and now the coefficients are in Q[a]. 

In fact, the symmetric functions of Schur, Hall-Littlewood, and Jack are all generalized 
by the symmetric functions of Macdonald ([7D] VI). 
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2.1.3 Macdonald symmetric functions 

We now introduce the Macdonald symmetric functions and identify a number of relevant 
properties which we will appeal to in our development of the Macdonald process. Macdonald 
symmetric functions are indexed by partitions and denoted P\{x] q, t) where q,t E (0, 1). The 
coefficients for the symmetric functions are now in Q[g,t]. We will generally suppress the q 
and t and write Px{x) or Pa unless their presence is pertinent. Pa can be uniquely defined 
from the following two properties ([TO] VI (4. 7)): (a) They can be expressed in terms of the 
monomial symmetric functions via a strictly upper unitriangular transition matrix: 

P\ = "7a + ^ Rx^P^, 

M<AeY 

where Pa^* are functions of q, t. (b) They are pairwise orthogonal with respect to a scalar 
product which can be defined on the power sum symmetric functions (since they form a linear 
basis for the symmetric functions) via 



m T A. 

{Px,P^,) = {Px,Pf,)g,t = Sx^^zx{q,t), Zx{q,t) = ^A ^ _ ^A, ' ^^ = 11 



for A = 1"^^ 2"^^ .... Along with Pa one defines 

Pa 



Q> 



(Pa, Pa) 



so that Pa and are orthonormal. 

Specializing q = t recovers the Schur symmetric functions, q = recovers the Hall- 
Littlewood symmetric functions with parameter t, and taking q = 1°" with t — )■ 1 recovers the 
Jack symmetric functions with parameter a. 

The complete homogeneous symmetric function hr has a (g, t)-analog which are denoted 
Qr = Q{r) and can be expressed as gn = S|A|=n ^)~^Pa (this is analogous in the sense 
that hr = These also form an algebraic basis for Sym ([70] VI(2.19)). 

For u,v E (0, 1) define a Q[q, t]-algebra endomorphism lJu,v on Sym in terms of its action 
on power sums (|70] VI(2.14)): 

1 — m'' 

U^uAPr) = VPr- (2-2) 

Clearly this is an involution on Sym. Moreover, the involution acts on Macdonald symmetric 
functions as ([70] VI(5.1)) 

0Jq,tPx{x]q,t) = Qx'{x]t,q), u;q^tQx{x;q,t) = Px'{x;t,q). (2.3) 

This involution takes Qr to Cr, the (usual) elementary symmetric functions. 
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Macdonald symmetric functions demonstrate the following index shift property ( [70] 
VI(4.17)): Consider a partition A such that i{X) = n. P\ restricted to its first n variables (a 
Macdonald symmetric polynomial) has the property that 

Px{Xi,...,Xn)=Xi---XnPf,{Xi,...,Xn), /i = (Ai - 1 , ■ ■ ■ A„ - 1) . (2.4) 

Owing to this property we can extend Macdonald symmetric polynomials so as to be 
defined for arbitrary integer values of Ai > A2 > • • • Aat via iterating the above relation. For 
negative values of Aj's, P\ becomes a Laurent polynomial in the x's. 



2.1.4 Cauchy identity 

For any two sequences of independent variables Xi, 0:2, . . . and yi,y2, ■ ■ ■ define 



U{x;y) = J2Pxi'^)Qxiy)- (2.5) 

AGY 

Then ([70] VI(2.5)), 

U{x-y) = l[p^^, (2.6) 

where (a; g)oo = (1 — 'i)(l — '2g)(l — ag^) ■ ■ ■ is the g-Pochhammer symbol (see Section l3.1.ip . 
Additionally, 

^-Y^^Pnix)pniy) 

The above equalities hold as formal power series and are additionally numeric equalities if 
both sides are absolutely convergent. We should also remark that in Section [2.2.11 we will 
introduce an extension to the concept of simply evaluating symmetric functions (known as 
specializations). We will define a similar object as n(x; y) but with respect to two specializa- 
tions. When the specialization reduces to evaluation as here, the definition likewise reduces. 
Thus there should be no ambiguity in our usage of the symbol 11 in this context. 
Applying the involution j to n(x; y) gives 

ujg,tll{x;y) = Y[{l + Xiyi). (2.7) 



2.1.5 Torus scalar product 

The Macdonald symmetric polynomials in independent variables are orthogonal under 
another scalar product which is called the torus scalar product and denoted by (■, ■)'^. It is 
defined ([70] VI(9.10)) as 

If ^ {zz~^' q) ^ dz- 
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where is the A^-fold product of the torus {z = e'^^''^}. 

Under this scalar product we can compute (Pa, PxYn where we interpret Pa as the Mac- 
donald symmetric polynomial with variables ([70] VI(9, Ex Id)) 



It follows from equation (12.51) that 



1 



Qx{x)= (n(-;x),PA(-)r^ 

where the dot represents that the inner product is applied to the function which takes z t— )■ 
11(2;; x). Note that above z represents a A^- vector {zi, . . . , z^). 



2.1.6 Pieri formulas for Macdonald symmetric functions 

Recall that gr = Q{r) is the (g, t)-analog of the complete homogeneous symmetric function, 
while Cr is the (usual) elementary symmetric function. Since the Macdonald symmetric 
functions form a basis for Sym it follows that for each /x and r there exist constants (depending 
on q,t) v^a/m, i^x/fi, V'a/m ^a/m ^^'^^ 



AgY AeY A6Y Ae¥ 

(2.9) 

Define f{u) = {tu; q)oo/ {qu; q)oo- The coefficients above have exact formulas as follows 
0] VI(6.24)): In cases (a) and (b), if A — /i is a horizontal r-strip then 

i<«<i<^(A) ^ ' 

^^/^ 11 f(q^^-Hp-i)f(qi''-^j+ip-i)' ^ ^ ^ 

otherwise the coefficient is zero; In cases (c) and (d), applying the involution Uq^t implies 
that ^'x/niq^t) = ^x/ij.it,q) and ip'x/ij_{.q,t) = ipx/fj.(t,q). Therefore in (c) and (d) the sum is 
restricted to A such that A — /i is a vertical r-strip. The expressions above can be reduced 
significantly. For example, given A — as above, 

^ (l_gM.^A^.t^-»-i)(l_gA.-A,^,-m) 
^Vm 11 (^i ^ q^l^~Hp-^){l - q^^~^op-') ' y ■ ) 

Xi=^ii,Xj=fij+l 
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2.1.7 Skew Macdonald symmetric functions 

Similar to equation fl2.9p . for two partitions ii,u one can expand the product P^P,y 



^\^Y f^uP>^- consideration of degree, /^^ may only be non-zero if |A| = — |z/|, A D // 
and A D z/. When q = t these are called Littlewood- Richardson coefficients; when g = these 
are Hall polynomials in t ([70] VI(7.2)). Alternatively, one can extract these coefficients via 

A skew Macdonald symmetric function is defined as ([70] VI(7.5,7.6)) 

By linearity this implies that {Q\/^,f) = {Q\,P^f) for all / G Sym. These functions are 
zero unless A D /i, in which case Q\/^ is homogeneous of degree |A| — 

Likewise, we can define Px/^ so that {P\/^,Qu) = {P\^Q^iQu)- Owing to the relationship 
= ( P^,P^)~^P^ it follows that 

^A/, = I^^^V.- (2-13) 

It is possible to express skew Macdonald symmetric functions in terms of the if and ip of 
equations fl2.10p and (12.111) . Specifically let T represent a column-strict (skew) tableaux of 
shape A — /i given by a sequence of A^*^ as in equation (12.11) . Let a be the weight of T 
(i.e., = lA*^*) — A*^*"^^!) and define as = x^^Xg^ ■ ■ ■ . Then we have the following 
combinatorial formula expansion ([70] VI(7.13)) 

Qx/im{x) = ^tx^, where y^r = nv^AW/At^-i), (2-14) 

T i>l 

and the summation is over all T which are column-strict (skew) tableaux of shape A — /x. 
Likewise 

Px/^i{x) = '^ipTx'^, where i/jt = JJ V^aw/a('-i)> (2-15) 

T i>l 

and the summation is over all T which are column-strict (skew) tableaux of shape A — /i. 

If we restrict the Macdonald symmetric functions to Macdonald polynomials in a single 
variable Xi, then the above expansions imply 

Q\/fi{xi) = <fx/t,x^i~''\ (2.16) 
if A — is a horizontal strip, and zero otherwise. Likewise 

Px/M) = i^x/A'~''^^ (2-17) 
if A — is a horizontal strip, and zero otherwise. 
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Finally, we recount a few pertinent formulas involving these skew functions ([70] VI. 7): 



5^QA/^(x)PA(y) = P^{ymx-y), (2.18) 

AeY 

Y,P./Ax)Qn/o{y) = Il{x-y)Y,Q^/r{y)P0/r{x). (2.19) 

KeY reY 

Y,Q>^/-^^)Q-/riy) = Q-/rix,y), (2.20) 

veY 

J2P^/^ix)Pu/r{y) = P./r{x,y). (2.21) 

I/6Y 

With regards to the last equations, the argument {x, y) simply means the union of the two 
sets of variables. The function therefore is symmetric with respect to any permutation of 
the variables in this union. A consequence of this is that to evaluate a symmetric function 
/ at (x, y) one can alternatively expand / in terms of power sum symmetric functions and 
set pn{x,y) = Pnix) + Pn{y)- In Section [2.2.11 below we consider general specializations of 
symmetric functions for which one must take this power sum equality as the definition of the 
union of two specializations. 

Similar to equation (12. 3p . the involution ujq,t acts on skew Macdonald symmetric functions 
as ([70] VI(7.16)) 

ujg,tP\/t^{x;q,t) = Qx'/,i'{x;t,q), ujq^tQ\/,,{x;q,t) = Px'/f,'{x;t,q). (2.22) 



2.2 The Macdonald processes 

2.2.1 Macdonald nonnegative specializations of symmetric func- 
tions 

A specialization p of Sym is an algebra homomorphism of Sym to C We denote the appli- 
cation of p to / G Sym as /(p). The trivial specialization takes value 1 at the constant 
function 1 G Sym and takes value at any homogeneous / G Sym of degree > 1. For two 
specializations pi and p2 we define their union p = (pi,p2) as the specialization defined on 
power sum symmetric functions via 

Pnipl,p2) = Pnipl) +Pn{p2), ^ > 1, 

and extended to Sym by linearity. Also, for a > define a ■ p as the specialization which 
takes homogeneous functions / G Sym to a'^'^^^'^^^^^ f (p) , which we write as /(a ■ p). 

An example of a specialization is the homomorphism which can be written as /(xi, . . . , Xn)- 
This represents restricting / to Sym„ and then evaluating the resulting polynomial at the 
values Xi, . . . We call this a finite length specialization. Not all specializations are finite 
length. The class with which we work will contain more general specializations which can be 
thought of as unions of limits of such finite length specializations as well as limits of finite 
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length dual specializations. A finite length dual specialization is obtained by a finite length 
specialization composed with the involution Uq^f AH of the formulas involving finite length 
specializations from Section 12.11 likewise hold for general specializations. 

Let t and q be two parameters in (0, 1), and let {-Pa} be the corresponding Macdonald 
symmetric functions (see Section r2.1.3p . 

Definition 2.2.1. We say that a specialization p of Sym is Macdonald nonnegative (or just 
'nonnegative') if it takes nonnegative values on the skew Macdonald symmetric functions: 
Px/fj-ip) ^ for any partitions A and fi. 

There is no known classification of the nonnegative specializations. The classification is 
known in the case of nonnegative specializations of Jack's symmetric functions |60] and in 
the subcase of Schur symmetric functions this is a classical statement known as "Thoma's 
theorem" (see [59] and references therein). In the Macdonald case, however, it is not hard to 
come up with a class of examples. 

Let {ai}i>i, {/3i}i>i, and 7 be nonnegative numbers, and ^^i(ai + A) < 00. Let p be a 
specialization of Sym defined by 

J2 9n{pK = exp(7n) n p^^^ (1 + An) =: U{u; p). (2.23) 

n>0 i>l 

Here m is a formal variable and Qn = Q{n) is the (g, t)-analog of the complete homogeneous 
symmetric function hn- Since (?„ forms a Q[g, t] basis of Sym, this uniquely defines the 
specialization p. The expression in equation f l2.23p which we write as n(u; p) is a special case 
of equation f l2.27p for pi equal to the finite length specialization to a single variable u. 

Notice also that if p is specified by nonnegative numbers {aj}j>i, {/3i}j>i, and 7, then 
a ■ p is likewise specified by {aaj}j>i, {a/3i}j>i, and 07 as follows from the calculation 

^^„(a-p)n" = ^gn{p){auy. 

Proposition 2.2.2. For any nonnegative {A}i>i, and 7 such that + 

/3j) < 00, the specialization p is Macdonald nonnegative. 

Proof. It suffices to verify the statement for finitely many nonzero a^'s and A's. One then 
obtains infinitely many ones by a limit transition, and also produces a nontrivial 7 by taking 
M of the /3j's equal to 7/M and sending M to infinity. 
By using the fact that 

Px/M^P2) = $^Pa/.(pi)P./^(P2), (2.24) 

which follows from equation f l2.2ip . we reduce the statement to p's with finitely many non- 
trivial Q!j's or finitely many nontrivial A's. Applying the involution Uq^t given in equation 
(12. 2 p we see that by virtue of equations (12. 7p . (I2.13P and (12. 22 p . we only need to consider one 
of these two cases. 
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On the other hand, if we only have finitely many positive a/s, Px/^ are simply skew 
Macdonald polynomials in variables ai, a2, • • • • The tableaux expansion of equation (I2.15P 
then allows us to conclude the proof. □ 



We name a few particularly useful specializations: 
Definition 2.2.3. A Macdonald nonnegative specialization p is called 

• Plancherel if = = for all i and 7 > 0; 

• Pure alpha if = for alH, 7 = and at least one > 0; 

• Pure beta if aj = for all z, 7 = and at least one Pi > 0. 

For a nonnegative specialization p, denote by Y(p) the set of partitions (or Young di- 
agrams) A such that P\{p) > 0. We also call Y(p) the support of p (recall the set of all 
partitions is denoted as Y). 

Using the combinatorial formula for the Macdonald symmetric functions in equation fl2.14p 
and the involution Uq^t, it is not hard to show that if a nonnegative specialization p is defined 
as in equation fl2.23p with 7 = 0, p < 00 nonzero aj's and q < 00 nonzero /3j's, then Y(p) 
consists of the Young diagrams that fit into the F-shaped figure with p rows and q columns. 
Otherwise it is easy to see that Y(p) = Y. 

In particular, if in equation 02.231) all /3j's and 7 vanish, and there are p nonzero a^-'s, then 
Y(p) consists of Young diagrams with no more than p rows. Such a finite length specialization 
consists in assigning values aj to p of the symmetric variables used to define Sym, and O's to 
all the other symmetric variables. 



2.2.2 Definition of Macdonald processes 

Fix a natural number and nonnegative specializations Pq , . . . ,p%_i, Pi, . . . ,p^ of Sym. 
For any sequences A = {\^^\ . . . , A*^^)) and p = {p^^\ . . . , p*-^"^-') of partitions satisfying 

C A(^) D p(i) C A(2) D p(2) c ■ ■ ■ D /i(^-i) C A(^) D (2.25) 

define their weight as 

>V(A, /i) := P^w (p([) Qx(i)/^,w {pi )P\m/i,m [pt) ■ ■ ■ Pxw/i,(n-i) (p^_i) Qxw (Pn)- (2-26) 

There is one factor for any two neighboring partitions in equation (12.251) . The fact that 
all the specializations are nonnegative implies that all the weights are nonnegative. 
For any two specializations pi,p2 set 

(1 1 — \ 
$^-Y^Pn(pi)p„(p2) (2.27) 
n>l ''^ 1 ) 

provided that the series converge. This extends the definition of n(x; y) given in Section 
[2X41 and of n(M; p) in Section [2X11 
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Proposition 2.2.4. Assuming Il{pf', Pj )< oo for all we have 

A,/^eY 0<i<j<N 

Proof. The proposition follows from repeated use of the identity in equation (12.241) and 

J2P./u{Pl)Qn/u{p2) = U{p^■p2)Y,QWrip2)Pu/APl), (2.28) 
^QK/uipl)Qu/Tip2) = <5K/r(Pl,P2), (2.29) 

which extend equations f l2.19p and (12.201) to general specializations. □ 

Definition 2.2.5. The Macdonald process M(p^, . . . , p^_-,^; p^, . . . , p^) is the probability 
measure on sequences (A,p) as in equation (12.251) with 

n.^/ + + - -^/^ N >V(A,/i) 

M(p,[,...,p^„i;Pi ,...,p^)(A,p) 



^o<^<i<iv^(p^P,• ) ■ 

The Macdonald process with = 1 is called the Macdonald measure and written as MM(p+; p~) 

We write the probability distribution and expectation with respect to the Macdonald pro- 
cess (measure) as PM(p+„„,p+_^;p-,...,p-) , ^mip+ ,...,p+^,;p- ,...,p~) or (■)m(p+ ...,p+_,;pr,...,p;^) (Pmm(p+;p-), 
IEmm(p+;p-) or (■)mm(p+;p-))- 

Using equations (I2.24p . (I2.28P and (I2.29P it is not difficult to show that a projection 
of the Macdonald process to any subsequences of (A, p) is a also a Macdonald process. 
In particular, the projection of M(pq , . . . , p^.^; p]", . . . , p^) to A*^-'^ is the Macdonald mea- 
sure MM(pJ|j^._-^p P[^ jv])' ^"^^ '^^^ projection to p^'^) is a slightly different Macdonald measure 
MM(pj|^ Pffc'+i AT]) • Here we used the notation ^ to denote the union of specializations 
p^, m = a, . . . , 6. 

Proposition 2.2.6. Under the probability distribution given by the Macdonald process, the 
random variables lA*-^^!, lA*-^-* — p^^^|, . . . , [A*^^^ — p*^^~^^| are independent. Likewise — 
|^(2)_^(2)|^ _ _ _ ^ lA^^-*! are independent. Moreover these random variables have generating 
functions given by 



|A('=)-^(''-i)K _ _ ^ TT n(MPfc ; pj 

;m(p+,...,p+_,;p-,...,p-) n n(p+;p-) 

n(poMPA:; 



, |AW-pWK - TT^ 

/M(p+,...,p+_,;pr,...,p;^) - 11 n 
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Proof. Observe that for aQ,af,..., a%_i and a^^ , . . . , positive numbers, (suppressing the 
Macdonald process subscript in the expectation), E 
is given by 



2^ Pa(i) « Po )<5a(i)//.(i) (^1 Pi )^A(2)/^(i) (arPi - " " 



^ llo<i<i<7v^HPi ;pj J 

where Z = no<i<i<Af ■'^(Pi*'' Pj)- Setting = 1 or aj = 1 and observing the way the 
generating function factors gives the desired independence, and hkewise setting all variables 
to 1 except one gives the generation function formula. □ 

We will mainly focus on a special case of the Macdonald process. 

Definition 2.2.7. The ascending Macdonald process ^ascicLi, . . . ,aN', p) is the probability 
measure on sequences 

-< A(i) -< A(2) ^ . . . ^ A(^) (2.30) 

(or equivalently column-strict Young tableaux) indexed by positive variables ai, . . . , cat and 
a single nonnegative specialization p, with 

,^ , wwi) .(N)^ P\m{ai)Pxm/xw{a2) ■ ■ ■ Px(N)/x(N-i){aN)Qxm{p) 

M„,c(ai, . . . , a^v; p)(A^ \ . . . , A^ >) = — '— . 

ll(ai, . . .,aN;p) 

(2.31) 

Here n(ai, . . . , a^; p) = n(ai; p) ■ ■ ■ n(a7v; p) with the terms n(u; p) as defined in f l2.23p . 

The ascending Macdonald process is a special case of Macdonald processes with p^ be- 
ing specializations into a single positive variable a^+i, j = 1,...,N, the specializations 

, . . . , p]^_i being trivial, and the only remaining free specialization pj^ being written simply 
as p. Then /i^^^ = A'^'^-* for all k, and the process lives on sequences as in equation (12.301) and 
is given by equation (I2.3ip . 

If p corresponds to parameters {oi}, {A}, 7 as in the previous section, it is not hard to 
see that the condition of the partition function n(ai, . . . , oat; p) being finite is equivalent to 
ajttj < 1 for all 

Observe that the projection of M^sc to \^''\ k = 1, . . . , N, is the Macdonald measure 

MM(a„ . . . , a,; p)(A(^)) = PMai, ■ ■ ■ ,a,)Q,^.^ip) 

n(ai, . . . ,afc;p) 

2.2.3 Difference operators and integral formulas 

The relevance of this section to the study of Macdonald processes is explained by the following 
observation. Assume we have a linear operator V in the space of functions in n variables whose 
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restriction to the space of symmetric polynomials diagonalizes in the basis of Macdonald 
polynomials: VPx = d\P\ for any partition A with £(A) < n. Then we can apply V to both 
sides of the identity 

Pxiai, • • • , an)Qx{p) = n(ai, . . . , a„; p). 

X:e{\)<n 

Dividing the result by n(ai, . . . ,an; p) we obtain 

ir] \ - ^n(ai,...,a^;p) 

iil^Oi, . . . ,an, p) 

where (■)MM(ai,...,a„;p) represents averaging ■ over the specified Macdonald measure. If we 
apply V several times we obtain 

_ P^n(ai,...,a„;p) 

\aA/MM(ai,...,a„;p) - — pTT- _ x • 

iil^ai, . . . p) 

If we have several possibilities for P we can obtain formulas for averages of the observables 
equal to products of powers of the corresponding eigenvalues. The goal of this section is to 
provide a few variants for such operators. 

In what follows we fix the number of independent variables to be n e Z>o. 

Definition 2.2.8. For any n G M and 1 < i < n, define the shift operator T^^^i by 
For any subset / C {1, . . . , ra}, define 

r(r-l) ~f-f tXi — Xj 

Ai{x-t) = t^ n — — 

A. A. rp . rv* . 

Finally, for any r = 1,2, ... ,n, define the Macdonald difference operator 

/C{l,...,n} is/ 

\I\=r 

Proposition 2.2.9 ([70] VI(4.15)). For any partition A with < n 

D;Pa(xi, ...,Xn) = e.(g^^r-\ . . . , q^-)Px{xi, ...,Xn). 

Here Cr is the elementary symmetric function, er{xi, . . . = X]i<ii<---<v<n ' ' '^v- 

Although the operators do not look particularly simple, they can be represented by 
contour integrals, which will later be helpful for evaluating the right-hand side of equation 



38 



Proposition 2.2.10. Assume that F{ui, . . . , m„) = ■ ■ ■ f{un)- Take xi, . . . ,Xn > and 

assume that f{u) holomorphic and nonzero in a complex neighborhood of an interval in M 
that contains {xj, qxj}^^i. Then for r = 1,2, . . . ,n 



{DlF){x) = F{x) 



(27ri)''r! 



det 



tZk - Zi 



I -Q tZj -Xm \ fjqZj) 



dz. 



'31 



(2.33) 

where each of r integrals is over positively oriented contour encircling {xi, . . . , a;„} and no 
other singularities of the integrand. 



Proof. Use the Cauchy identity 



det 



tZk - Zi 



k,£=l 



i^^'^^ Ui<k<e<ri^k - Zi){ze - Zk) 



and compute tlie residues at zj = Xm ■ Thanks to the Vandermonde determinants in the 
numerator, one gets zero contributions if rn^'s are not pairwise distinct, and if they are 
distinct one easily verifies that the contribution corresponds to the summand in D^^ with 
I = {xm.j_, ■ ■ ■ , Xjur}- The r! factor is responsible for permutations of the elements of /. □ 

Remark 2.2.11. We define a useful analog to the Macdonald operator to be the operator 

~ n(n — l) 

K = t-^Dl-^T,-r 

where the operator T„-i multiplies all variables by q^^ . Observe that 



Tq-iPx{xi, . . . ,Xn) = q~^^^Px{xi 



, . . . , Xfi 



and 



DlPx{xi,...,Xr, 



eriq-'H'-^, g-^^t^-n^ _ _ _ ^ q-'")Pxixi, ...,Xn). 



Observe that 

n(n — 1) 



n ( 71 — 1 ) 



t —D'^-'Tg-l = t ? 



E n 



tXi — Xj . (n-r)(n-r-l) 



t 



IC{l,...,n}i^IJ0 ^ 
\I\=n—r 



Tq^XiTq 



r(r + l) 



E n 

{1,..., 

\J\=r 



JC{l,...,n}ieJ,i^J j&J 



Applying this to a function F{ui, . . . , Un) = f{ui) ■ ■ ■ f{un) as in Prop osit ion 12 . 2 . 1 Ol we obtain 
an analogous integral formula 



(d;f)(x) = f(x) 



^r(l— n) 

{27nYr\ 



det 



tZk — Z£ 



r In 



j Zj - tXm \ f{q ^Zj) 

k,e=l j=i \m=l " ^rn J f i^j) 



dz 



'V 
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where the contours include the poles Zj = Xm and no other singularities. Under the change 
of integration variables Zj = 1/ wj for j = 1 , . . . , r we have 

where the contours now include the poles wj = and no other singularities. The formula 
is exactly as in Proposition 12.2.10] with an extra factor of the x^'s replaced by their 

inverses, and f{u) replaced by f{u~^). Iterating these operators will lead to very similar 
formulas to the ones we now obtain for powers of D^^. 

Remark 2.2.12. Recall that n(ai, . . . , a„; p) = nr=in(aj;p)- Hence, Proposition 12.2. ID] 
is suitable for evaluating the right-hand side of equation f l2.32p . We will not rewrite these 
formulas as they are immediate. 

Observe also that for any fixed 2:1,..., 2:^, the right-hand side of equation fl2.33p is a 
multiplicative function of Xj's. This makes it possible to iterate the procedure. Let us do 
that in the simplest case first, then the full case below in Proposition 12.2.1^ 

Proposition 2.2.13. Fix k > 1. Assume that = ■ ■ ■ Take 

Xi,...,Xn > and assume that f{u) holomorphic and nonzero in a complex neighborhood 
of an interval in M that contains {q^Xj \ i = 0,...,k,j = l...,n}. Then 

{iDn)''F){x) _ (t- 1)-^ r r [tZg - qzb){za " ^fc) A fV i^^c - x^) \ fjqz^) dzc 

F{x) (27r0'= / ■ ■ ■ / - qz,)itz, - z,) ^1 (z, - x^) ) f{z,) z, ' 

where the Zc-contour contains {qZc+i, ■ ■ ■ , qzk, Xi, . . . , Xn} and no other singularities for c = 

Proof. This follows from sequential application of Proposition 12.2.101 For k = 1 the state- 
ment coincides with Proposition 12.2.101 We call the integration variable Zi and deform the 
integration contour to contain {xj, gxj}"^^. Then the x-dependent part of the integrand 
satisfies the assumption of Proposition 12.2.101 with f{u) = f{u){tzi — u)/{zi — u), and we 
apply Proposition 12.2.101 to the integrand. Call the new integration variable Z2 and iterate 
the procedure. □ 

Remark 2.2.14. In the Schur measure case, one can apply products of operators Z^^ with 
different values of g = t. This would allow to derive a formula for the correlation functions 
of the Schur measure. Specifically observe that when q = t 

Calling (Ai + n — 1, . . . , A„) = (£1, . . . , we thus have 

(ei) = E /'iW^' 
tez>o 
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where pi is the first correlation function. We hkewise find that 



(ei(gi)ei(g2) ■ ■ ■ ei(g.)) = ( l[{q'/ + + ■ ■ ■ + g 



is easily expressible via the first s correlation. From this one might recover all of the corre- 
lation functions of the Schur measure. 

Proposition 2.2.15. Fix k > 1 and > 1 for 1 < a < k. Assume that F{ui, . . . ,Un) = 
f{ui) ■ ■ ■ f{un)- Take xi, . . . ,a:„ > and assume that f{u) is holomorphic and nonzero in 
a complex neighborhood of an interval in M that contains {q^Xj \ i = 0, . . . , k; j = 1 . . . , n}. 
Then 



X 

0=1 \i^j=l 



'l^^a,i y ■_-|^ -^l) ' ' ' i.'^aj ■^n) f i^^a,]) dz^j 



where the Zaj-contour contains {g^/j.i} for alii ^ {1, ... , r^} and /3 > a, as well as {xi, . . . , x„} 
and no other singularities. 

The proof is similar to those of Propositions 12.2.101 and 12.2.131 

Let us describe another family of difference operators that are diagonalized by Macdonald 
polynomials. 

Proposition 2.2.16. With the notation = Xmff"^ for m = 1, . . . ,n, (a)oo = (a; g)oo o,i^d 
x = {xi,...,Xn), y= ivi, ■■■,yn) we have 

y- fr TT (yjyk^)oo i-t^jVk^)^ (^^i^fc^)oo iQyjXk^)oo p^ 

^^,.^=of=T V {tq^'UiqU J i</i<„ ixjyk^)oc {-tXjXl^)oo {tyjX^^)oo {qyjVk^U 

Here z is a formal variable, and the formula can be viewed as an identity of formal power 
series in z. 

The coefficient of z^ in the right-hand side is the polynomial gr = Q(r) evaluated at the 
variables The formula is dual to the first Fieri formula of equation (12. 9p in the 

same way as Froposition 12.2.91 is dual to the last Fieri formula of equation (12. 9p (see Section 
12.1.61 or [70] VI(6.7) for detailed explanations). While the left-hand side can be viewed as 
an application of a g-integral operator to Pa, the coefficient of z^ constitutes a difference 
operator of order r. 
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Remark 2.2.17. We were unable to find this formula in the literature. It is similar to 
Theorem I in [81], however, that theorem increases the number of variables in the polynomial. 
It is plausible that one can recover Proposition 12.2.161 from Okounkov's raising operator, but 
we chose to give a direct proof. 

Proof of Proposition \2.2.JU Following [70] VI. 6 for each partition /i of length less than or 
equal to n, define a homomorphism (i.e. specialization) 

: C[xi, . . . , x„] ^ C, by Uf,{xi) = g'^^t""*, 1 < i < n. 

We extend to rational functions in xi, . . . , x„ for which the specialized denominator does 
not vanish. It follows from equation (12.61) that 

1=1 ^ ' \in>0 



hence the coefficient of 2;"* on the right-hand side of our desired identity is ux{gm)Px{xi, . . . , x„) 
It suffices to prove the identity under application of to both sides for arbitrary fj,. For 

the right-hand side we obtain ux{gm)u^{P\) as the coefficient of z"^. 
Using ([To] VI(6.6)) we have the index-variable duality relation 



Uo{Pf,> 



Hence using the first of the Fieri formulas (12.181) 

ux{9m)u^{Px) = ———ux{g„,Pi,) = > ^u/^Ux{P^) = > ———^^/^U^{Px). 

^ ^ lj,:\h> / lj,\=m h>)^ ij,:\h> / ij,\=m ^ 



The sum over v can be restricted to those for which z///i is a horizontal strip. 

Set n(A) = X]i=i ~ ^)\- What remains then is to show that for 7]i = Ui — Hi we have 
the following identity 

\}^ {tq^')U<i)oo Vi</<|<„ ixjyk')oo {-tXjXk')oo {tyjX^')oo (g%i/fc')oo J 

Following [To] VI(6.11) we find that if we set 



A-= n 



then 



i<i<j<n ^ ' ■' ' 



MP'^) ^ ^uM-nM M^^) ^ ^nM-n(M)^ ( TT "^'Xj/Xj)^ {tXj/Xj) 
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Recall the formula for </)j,/^ given in (12.101) . By evaluating the first ratio of /'s when i = j 
and then shifting indices for the second ratio we find that 

where f{u) = (tw) 00/(^^)00 • 

We can, however, recognize that the product oi i < j can be written as 



a<r<7<n fiq-'^H-^Xi/xj) 



One now immediately sees that the required identity follows by substituting ym = Xmq^"" as 
necessary. □ 

2.3 Dynamics on Macdonald processes 

2.3.1 Commuting Markov operators 

Let y,z,v be Macdonald nonnegative specializations of Sym. Set 

where recall Y(p) = {k G Y | Pk{p) > 0}, and for the first definition we assume that 
n(2/; z) = E«eY^l/)<5K(^)< 00. 

Equations fl2.24p and f l2.28p imply that the matrices 

pHv; z) = [pl^iy; and p^{y; v) = [pi^{y; v)]^^^^^^^^^^^^^^^ 

are stochastic: 

It also follows from equations (12.240 . (I2.28P and (I2.29P that and p^ act well on the 
Macdonald measures: 

MM{x]y)p^{y]z) =MM{x,z]y), MM{x]y,v)p^{y]v) = MM{x]y). (2.34) 

Observe that MM(pi; P2) = MM(p2; Pi), so the parameters of the Macdonald measures 
in these relations can also be permuted. 
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Proposition 2.3.1. Let y, z, zi, Z2,vi,V2 be nonnegative specializations 0/ Sym. Then we 
have the commutativity relations 

p^{y;zi)p^{y;z2) = p^{y; Z2)p^{y; Zi), 
p^iy,V2;vi)p^{y;v2) = p^{y,vi;v2)p^{y;vi), 
p'^{y,v;z)p^{y;v) = p^{y;v)p^{y; z), 

where for the first relation we assume Il{y; zi, Z2) < 00, and for the third relation we assume 
U{y,v;z) < 00. 

Proof. The arguments for all three identities are similar; we only give a proof of the third 
one (which is in a way the hardest and will be used later on). We have 

= n(^ E itt^^v.W = -£ vUv-MpUmz), 

where along the way we extended the summation in /i from Y(i/, v) to Y because Pu{y)Pii/v{v) > 
implies P/^iy, f ) > by equation f l2.24p : we used equation f l2.28p to switch from /i to k, and 
finally we restricted the summation in n from Y to Y{y) because Py{y)Qu/f^{z) > implies 
K C u and P^iy) > 0. □ 

For a Macdonald nonnegative specialization y define a matrix = [(lx^]\,fj.eY(y) by 



V^^/A, /i/A is a single box, 

Px{y) 

0, /i 7^ A and /i 7^ A U {□}, 



where (fx/fi is defined in Section 12. 1.61 Then the off-diagonal entries of this matrix are 
nonnegative and ^^^Qx^iy) = 0, hence could serve as a matrix of transition rates for a 
continuous time Markov process. 

Corollary 2.3.2. Lety,v be nonnegative specializations o/Sym. Then 

q^{y, v)p^{y; v) = p^{y; v)p^{y). 

Proof. Consider the third relation of Proposition 12.3.11 and take z to be the specialization 
into a single variable e. Using equation (]2.16p to collect the linear terms in e we obtain the 
desired equality. □ 
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2.3.2 A general construction of multivariate Markov chains 

Let {Si, . . . , Sn) be an ra-tuple of discrete countable sets, and Pi, . . . , P„ be stochastic matrices 
defining Markov chains Sj — > Sj. Also let A^, ... , A^_^ be stochastic links between these sets: 

Pk : Sk X Sk ^ [0,1], Y.yeSk^k{x,y) = 1, x e Sk, k = l,...,n; 
A^_i : 5fc X ^ [0,1], Ey65fc_i^fe-i(^'^) = 1' xeSk, k = 2,...,n. 

Assume that these matrices satisfy the commutation relations 

:= AtiP,„i = PkAti, k = 2,...,n. (2.35) 

We will define a multivariate Markov chain with transition matrix P*^"-* on the state space 

n 

= . . . , a;„) G 5i X ■ ■ ■ X 5J J] At,(x,, Xk-i) o}. (2.36) 

fc=2 

The transition probabilities for the Markov chain with transition matrix P^'^^ are defined as 
(we use the notation Xn = {xi, . . . ,Xn), Yn = {yi, . . . ,yn)) 

dM/v \ Dl ^YJ fk{Xk,yk)-Ak-liykyyk-l) /o Q'7\ 

if YYk=2^k-ii^k,yk-i) > 0, and otherwise. 

One way to think of P*^"^ is as follows: Starting from X = (xi, . . . , x„), we first choose 
yi according to the transition matrix Pi{xi,yi), then choose y2 using -^^(^^^^^^i^fa^'^i) ^ which 

is the conditional distribution of the middle point in the successive application of P2 and A^ 
provided that we start at X2 and finish at yi, after that we choose using the conditional 
distribution of the middle point in the successive application of P3 and Ag provided that we 
start at X3 and finish at y2, and so on. Thus, one could say that Y is obtained from X by 
sequential update . 

Proposition 2.3.3. Let m„ be a probability measure on Sn- Let m^'^'^ be a probability measure 
on iS'-"^ defined by 

m(")(X„) = mn{Xn)K-l{^n,Xn-l) ■ ■ ■ Al{x2,Xi), X^. = (Xi,...,X„) & S^'^\ 

Set rhn = fTinPn and 

m(")(X„) =mn{Xn)K_iiXn,Xn-l)---Alix2,Xi), X„ = {xi,...,Xn) G S^'^l 

Then m(")p(") = m^"). 
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Proof. The argument is straightforward. Indeed, 

^ '[Yn) = y ^ m„(x„)A„_i(x„,X„_i) ■ ■ ■Ai(X2,Xi)Pi(Xi,?/i) —r r 



( 



Extending the sum to Xi G Si adds to the right-hand side. Then we can use equation 
f l2.35p to compute the sum over xi, removing A^(x2,xi), Pi{xi,yi) and A^(x2,i/i) from the 
expression. Similarly, we sum consecutively over X2, ■ ■ ■ ,Xn, and this gives the needed result. 

□ 

A generalization of Proposition 12. 3. 3l can be found in ([19], Proposition 2.7). A continuous 
time variant of the above construction, which is not as straightforward, can be found in 
Section 8). 



2.3.3 Markov chains preserving the ascending Macdonald processes 

For any k = 1,2, . . . , denote by Y(A;) the set of Young diagrams with at most k rows. 

For a nonnegative specialization p and a positive number a such that 11 (p; a) < oo, and 
for two partitions A G Y{n — 1) and /i G Y(?t,), we define a probability distribution on Yin) 
via 



Pa,p{v II A, 11) = const ■ Pv/\{a)Q^i^{p), v G Y{n). 



Here we assume that the set of i^'s giving nonzero contributions to the right-hand side is 
nonempty. Then equation fl2.28p implies the existence of the normalizing constant. 

Example 2.3.4. 

1. If p is a specialization into a single variable a > 0, then equations f l2.16p and f l2.17p enable 
us to rewrite P^.p in the form 



Pa.cXy II A,/i) 



{const ■ '~pyi^'\\)yjx{aa)^^\ i^/A and vj p are horizontal strips, 
otherwise. 



where (p and V' are defined in Section 12.1.61 and explicit formulas for them are given in 
equations fl2.10p and (12. lip . Note that the constant is independent of v but does depend on 
all other variables. 

2. If p is a specialization into a single dual variable /9 > 0, i.e. the right-hand side of (I2.23p 
has the form 1 + /3m, then equation (I2.22p implies 

const ■ '^'yiJl'u/\{(^Ci)^''\ vjX and v' j [J are horizontal strips. 



otherwise 



where is defined in Section [2.1.61 and given by an explicit formula in equation (12.120 . 
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3. The first two terms in Taylor expansions of Pa,a and ^ as a, /9 — )■ are 

1^ V^v/m u/fiis a single box, 

Pa,a(z/ II A, /i) ~ 1^=^, + aa'lO, ^ ^ fJ' and u ^ fiU {□}, 



and 



j-j^ tjjl/^ z//^ is a single box, 

II l^") ^ ^''=^' + /3a 0, 7^ and u ^ fiU {□}, 



=/.u{n} ^^/^ 

From definitions of (p and ^Z'' one immediately sees that the coefficient of a in Pa^a is jE^ 
times the coefficient of /3 in P^^. 

Fix > 1, and denote 

Xi^) = {(aW, . . . , A(^)) e Y(l) X • ■ ■ X Y{N) I A(i) ^ A^^) ^ ■ ■ ■ ^ A^^)} . 

The ascending Macdonald process Masc{cii, . . . ,a]\f; p) defined in Section [2.2.2l is a probability 
measure supported on 

Let (J be a nonnegative specialization with Il{a;aj) < oo for j = 1,...,N. Define a 
matrix with rows and columns parameterized by X^^^ via 

N 

((A(^), . . . , A W), . . . , /.W)) = n Pa.,, if^^'^ II /i^'^-^^ A^'^)) 

k=l 

The structure of *^o- is such that to compute the entry with row indexed by (A^^-*, . . . , A'-^-') 
and column . . . , p^^^), one first computes the probability of /x'-^^ given A'-^-', then /x^^^ 
given A*-^-* and then jj^^^ given A*^'^^ and and so on. 

Proposition 2.3.5. The matrix ^„ is well-defined and it is stochastic. Moreover, 

Masc{ai, . . . , Oat; p) = Masdai, ■ ■ ■ p,cr)- 

Proof. This is a special case of Proposition I2.3.3I We specialize the notation of Section 12.3.21 
as follows: n = N , Sj, = Y(fc), = 1, . . . , A^, 

Pk{\p) = pl^{ai,...,ak;a),k = l,...,n, 

^fc-i(A, i^) = J5i^(ai,...,afc_i;afc),fc = l,...,n. 

The commutation relation of equation fl2.35p follows from the third identity in Proposition 
12.3.11 One further takes m„ to be the Macdonald measure MM(ai, . . . , a„; p). This immedi- 
ately implies 

m„ = MM(ai, . . . , a„; p)p^{ai, ...,an](y) = MM(ai, . . . , a„; p, a), 
cf. equation f l2.34p . and the statement follows. □ 
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A continuous time analog 

Define a matrix q witli rows and columns parameterized by X^^^ as follows. For the off- 
diagonal entries, for any triple of integers [A, B, C) such that 

l< A< B < N, <C < N - B, 

set 

if (we use the notation A^^) = (Aj^'^ > ■ ■ ■ > \f)) 

.(B) _ .(B+1) _ _ .(B+C) _ 

- - ■■ ■ - A^ - X, 

(B) _ (B+l) _ _ (B+C) _ . 
f^A ~ f^A ~ ' ' ' ~ l^A — X + i, 

A^fe"'' ~ •^i™^ for all other values of {k,m), and 

q ({A(^),...,A(^)}, /.(^)})=0 

if a suitable triple does not exist. The diagonal entries of q are then defined so that the sum 
of entries in every row is zero. 

Less formally, this continuous time Markov chain can be described as follows. Each of 
the coordinates A^.'"'* has its own exponential clock with rate 

V'(A('")unfc)/A(™-i) ,/ 
^"^ , ,,,, ~ ^(A(-)unfe)/A(-) ' 

where all clocks are independent. Here denotes a box of a Young diagram that is located 
in the kth row. When the A^ -clock rings, the coordinate checks if its jump by one to the 
right would violate the interlacing condition. If no violation happens, that is, if 

Af <A5f_V) and A^f^ < A^^^^^, 
then this jump takes place. This means that we find the longest string A^'' = A^^^'' = ■ ■ ■ = 

(-6-1-0) 

A^"^"^ and move all the coordinates in this string to the right by one. If a jump would violate 
the interlacing condition, then no action is taken. 

The reason to define q in this way is that it is the linear term in e of the matrix defined 
earlier, when a is the specialization into a single dual variable e, cf. Example 12.3.41 3 above. 

From the definition of ipjip' via products over boxes in equations (12. lip and (I2.12p . it is 
obvious that the off-diagonal matrix elements of q are nonnegative and uniformly bounded. 
Also, the definition of q implies that in each row, at most A(A-|-l)/2 entries of q are nonzero. 
Thus, q uniquely defines a Feller Markov process on A'^^-' that has q as its generator, cf. 
[67] . For any r > 0, the matrix of transition probabilities for this process after time r is 
idr = exp(rq). 
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Proposition 2.3.6. For any t > we have 

Mascicii, . . . , Oat; p) = Masciai, . . . , fliv; p, Pr), 

where is the Plancherel specialization afforded by equation 112. 23\) with 'j = t and all other 
parameters equal to zero. 

Proof. We start with Proposition 12.3.51 and take a = e to be tlie specialization into a single 
dual variable e. Noting that is a triangular matrix whose entries are polynomials in e of 
degree at most A^(A^ + l)/2, we conclude that 

lim(^^)["^"'l = exp(rq) 

entry-wise (recall that q is the coefficient of e in ^i). On the other hand, Proposition 12.3.5) 
implies that 

Masc{ai, . . . , Otv; p) (^e)'^' ' = Masc{ai, . . . , Oat; p, ar,e), 

where ar^e is the specialization into [re^^] dual variables equal to e. Since for any r > 
0, we have that lim£_!.o /(o"r,e) = /(Pr) ioT any symmetric function /, and since also 
limAT^oo n(ai, . . . , Oat; p, cr^,J = n(ai, . . . , oat; p, p^), it follows that M 

weakly converges to Masc(fli, • • • , CiN', p, Pr), and the proof is complete. □ 

Remark 2.3.7. One could construct q starting from matrices introduced at the end of 
Section r2.3.1l by using the formalism of [23], Section 8. The needed commutativity relations 
follow from Corollary 12.3.21 
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Chapter 3 

q-Whittaker processes 



3.1 The q-Whittaker processes 
3.1.1 Useful q- deformations 

We record some g-deformations of classical functions and transforms. Section 10 of [6] is 
a good references for many these definitions and statements. We assume throughout that 
|g| < 1. The classical functions are recovered in all cases in the g — )■ 1 limit, though the exact 
nature of this convergence will be relevant (and discussed) later. 

q-deformations of classical functions 

The q-Pochhammer symbol is written as (a; g)„ and defined via the product (infinite conver- 
gent product for 77, = oo ) 



(a; q)n = (1 - a)(l - ag)(l - aq^) ■ ■ ■ (1 - ag" (a; g)oo = (1 - a)(l - ag)(l - aq^) ■■■ . 



The q- factorial is written as either [n]q\ or just rig! and is defined as 




{q; q)n 



n 



(l-g)(l-g^)---(l-g") 
(l-g)(l-g)---(l-g) 



The q-binomial coefficients are defined in terms of g-factorials as 




g 



The q-binomial theorem ([^ Theorem 10.2.1) says that for all |x| < 1 and |g| < 1, 




oo 



k=0 
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Two corollaries of this theorem ([6] Corollary 10.2.2a/b) which will be used later is that under 
the same hypothesis on x and g, 



oo 



For any x and g we also have ([6] Corollary 10.2.2.c) 



k=0 ^ ^ 1 



El n\ 1 k(k-l) , 

{-lfq^x' = {x-qU (3.2) 



There are two different q- exponential functions. The first (which we will use extensively) 



is denoted eq{x) and defined as 



' ((l-g)x;g)^' 

while the second is defined as 

Eq{x) = ( - {l-q)x;q)^. 

For compact sets of x, both eq{x) and Eg{x) converge uniformly to as q ^ 1. In fact, the 
convergence of eq{x) — )■ e^' is uniform over x G {—oo, 0) as well. 
The q- gamma function is defined as 

r,(x) = /|^(l-g)i-. (3.3) 

(? ;?)oo 

For X in compact subsets of C — {0, —1, ■ ■ ■ }, ^qix) converges uniformly to T{x) as g — > 1. 
q-Laplace transform 

Define the following transform of a function / G ^^({0, 1, . . .}): 
where 2; G C. 

Proposition 3.1.1. One may recover a function f G ^^({0, 1, . . .}) from its transform f'^{z) 
with 2 G C \ {q~^}k>o via the inversion formula 

/(n) = -g"^/" {q''z-q)J\z)dz, (3.5) 

J Cn 

where Cn is any positively oriented contour which encircles the poles z = q~^'^ for < M < n. 
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Remark 3.1.2. This statement can be viewed as an inversion formula for the Laplace trans- 
form with eq{x) replacing the exponential function. An inversion of the Laplace transform 
with Eq{x) replacing the exponential function goes back to [19]. However, for the eq{x) 
Laplace transform, it appears that the recent manuscript of Bangerezako [lO] contains the 
first inversion formula (as well as many other properties of the transform and worked out ex- 
amples). We were initially unaware of this manuscript and thus produced our own inversion 
formula and the proof below. 

Proof. Observe that the residue of f aX z = q~^^ can be easily calculated for any M > 
with the outcome 



n=0 



Alternatively this can be written in terms of matrix multiplication. Let A = [Ak^i\k^i>Q be an 
upper triangular matrix defined via its entries 

4-1 ^ 



Then we have 

where / is the row vector / = {/(O), / (I), . . .}. Since A is upper triangular, it has a unique 
inverse which is also upper triangular and can be readily calculated to find that A~'^ = B = 
[Bk/]k,e>o is given by 



5, 



kl — ^k<£- 



Therefore 

fin) = -{q- ^ ^^^n ^esj'^i^) = - E ^"(^ ' - " " " M/'^'^' 



M>0 ^ M>0 



Expressing this in terms of a contour integral yields the desired result of equation (13. 5p . □ 



3.1.2 Definition and properties of q-Whittaker functions 

q-deformed Givental integral and recursive formula 

Macdonald polynomials in £ + 1 variables with t = are also known of as q-deformed gt^+i 
Whittaker functions ^4] and are related via 
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where p = . . . The Fieri formulas for Section [2.1.61 become, in this 

— ^ 

hmit, the Hamiltonians for the quantum g-deformed 0l£_,_]^-Toda chain (see e.g. [87], [39] or 

These g-Whittaker functions can be expressed in terms of the combinatorial formula. To 
state the combinatorial formula let us denote GT^^~^^\p^_^^) to be the set of triangular arrays 
of integers pk^i for 1 < i < k < £ satisfying the Gelfand-Tsetlin condition that Pk+i,i > 
Pk,i > Pk+i,i+i- Also let GTe+i/{Pj,^^) be a set = {pe,i, . . . ,pe,i} of integers satisfying the 
interlacing condition pe+i,i > pe,i > pi+i^i+i. Then 



VC (r, \ - ST TJ ^T,LlPk,^-T,^^lPk-l,^ L Lk = 2 L U=l ^ 'J ) Pk ,i-Pk,^+l 

OT(f + l)(-j, ■) fc = l llfc = l lli = lVy' y/Pfe + l.i-Pfe.iV^' ^''Pfe.i-Pfc + l.i+l 



Uk=2 Ui=i (9; q)pk,^- 

I)pk,i-Pk^ 

(3.7) 

For P^_^^ which is not ordered, we define the g-Whittaker function as zero (see Example 
1.1 of [11]). Equation (13. 7p follows from (13. 6 p and the combinatorial formula (12.15^ for the 
Macdonald polynomials. 

It follows from the combinatorial formula that the g-Whittaker functions satisfy a defining 
recursive relation: 

*xi,...,x,+i(p^^^) = HPi)Qt+iAPe+vPe'^'l)^^u---,^APi) (3-8) 

p^£GTi+i^i{Pj,_^^) 



where 



e,i+i ' 
1=1 



i=l 

I 



i—Pl + l,i + l ' 

1=1 



This recursive formula will play a prominent role later when we prove that the t = 
ascending Macdonald process converges to the Whittaker process. 



3.1.3 Difference operators and integral formulas 

The present goal is to take limits t — )■ +0 in some of the previously stated results. 

The nonnegative specializations in this case are described by the degeneration of equation 

When t = we call the ascending Macdonald process Niasc,t=o{cii, . . . ,aN; p) the g- 
Whittaker process and the Macdonald measure MMt=o('2i) • • • > O'N] p) the q-Whittaker mea- 
sure . 
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The partition function for the corresponding g-Whittaker measure MMi=o(oi, . . . , a^v; p) 
is given by 

^ Px{ai,. . .,aN)Q\ip) = Il{ai,...,aN;p) = J]^exp(7aj) ^ ^'^-^^ , 

AeY(7V) j=l l«i«i>?Joo 

where p is determined by {dj}, {f3j}, and 7 as before, and we assume a^aj < 1 for all i,j so 
that the series converge. 

Taking the limit of Proposition 12.2.101 yields 

Proposition 3.1.3. For any 1 < r < N , and assuming a^aj < 1 for all 



^Ajv+A]V-lH h^N-r+l ^ 



MMt=o(ai,...,aAr;p) 



, r(r + l) 

-1) 2 



l<fe<^<r 



(27ri)''r! 

^^(^^)(^<--)^)-((,-lh.)f 

where the Zj-contours contain {ai, . . . , a^} and no other poles. 
Proof. We have 



\mvt-^-^er{q^H^-^,q^H^~^,...,q^'') = q^N+\N-i+-+XN^r+i ^ 

1 



r (r — 1) 

lim t 2 det 

t->-o 



Prop osit ion 12.2.10] and relation ( I2.32p conclude the proof. □ 

Remark 3.1.4. One may also take the t — )■ limit of the operator defined in Remark 
12.2. Ill Doing so we see that £)^i^"-^(»'+i)/2 converges to an operator whose eigenvalue at Pa 
is equal to q~^'^ Just as above, we may likewise take a limit of the contour integral 

formula for expectations. 

Let us take the limit t — ?■ of Proposition 12.2.131 along the same lines. 

Proposition 3.1.5. For any k > 1, and assuming aiUj < 1 for all i,j, 

/„A:Ajv\ ^ 
\^ /MMi=o(ai,-,aiv;p) 

(-i)V 



, fc(fc-l) 

\k:^, 2 



n 



l<Kl<K2<fc " "2 



X 

j=l \m=l '-'/ \i>l 



where Zj-contour contains {qzj+i, . . . , qzk, ai, . . . , qn} and no other singularities for j 



l,...,k. 
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Proof. Straightforward limit t of Proposition 12. 2.131 □ 

Likewise we take the hmit t — )■ of Proposition 12.2.151 

Proposition 3.1.6. Fix k > 1 and > 1 for 1 < k, < k. Then assuming aittj < 1 for all 
hi, 

k 

J~J gAjv + ---Ajv_rK + l 



\«;=1 / MMt=o{ai,-,aiv;p) 

'"ftl '"12 ^ ^ \ / ^ , 



n (fe^/-/ C n ^ nms^) (n n 

K = l ^ ' ^ ^ \l<Ki<K2<fc «=1 J = l / \k = 1 4^J = 1 " 



K=l j = l ^ ^ ' \i>l 

where the z^^j-contour contains {qzK2,i} for all i G {1, . . . ,r^^} and K2 > Hi, as well as 
{oi, . . . ,aj\f} and no other singularities. 

Proof. Straightforward hmit t — )■ of Proposition 12.2.151 □ 

FinaUy, let us take the limit t — in Proposition 12.2.161 
Proposition 3.1.7. With the notation hm = amQ^"" for m = 1, . . . , N , we have 
1 



MMt^o(aiv,ajv;p) 
00 N 



X 

^<j<k<N 



{ajb^^;q)^ J U{ai, . . . , Un] p)' 



Here u is a formal variable, and the formula can be viewed as an identity of formal power 
series in u. 



Proof. The only part in the identity of Proposition 12 . 2 . 16) that does not have an obvious limit 



IS 

- 1 



i=l l<j<k<N 

We have 

as t — 0. Multiplying over all 1 < j < A; < we obtain the result. □ 
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Figure 3.1: Possible contours when k = 3 for the Zj contour integrals in Proposition I3.2.11 

3.2 Moment and Predholm determinant formulas 



3.2.1 Moment formulas 



Recall the g-factorial n, 



, ^ (l-g)(l-g2)...(l-gn) 



[see also Section [3.1.ip . 



Proposition 3.2.1. For a meromorphic function f{z) and k > 1 set A to be a fixed set of 
singularities of f (not including 0) and assume that q"^A is disjoint from A for all m > 1. 
Then setting 



k(k-l) 



(27ri)^' 



n 



l<^<_B<fc 



za-zb f jzi) ■ ■ ■ f (Zk) 
za - qzB zx--- Zk 



dzi ■ ■ ■ dzk, 



(3.9) 



we have 



k,\ 



Ahfc 
A=l'"i2'"2. 



milma! ■ ■ ■ (27r6)^W / 



£ix) m 

det \{f{nj,)f{qw^)---f{q^^ 

(3.10) 

where the Zp-contours contain {qzj}jyp, the fixed set of singularities A of f{z) but not 0, and 
the Wj contours contain the same fixed set of singularities A of f and no other poles. 

As a quick example consider f{z) which has a pole at z = 1. Then the 2;fc-contour is a 
small circle around 1, the ^fc_i-contour goes around 1 and q, and so on until the 2;i-contour 
encircles {1, g, . . . , (see Figure EH] for example). All the w contours are small circles 

around 1 and can be chosen to be the same. 



ZA-ZB 

ZA-qzB 



and can be 



Proof. This proposition amounts to book-keeping of the residues of Y\. 
proved by considering a rich enough class of "dummy" functions f{z). Assume that f{z) has 
poles at A := {ajjjgj (where J = {1, . . . , |A|} is an index set) inside the integration contour. 
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When we evaluate fik as the sum of residues in f l3.10p . for each A h we have to sum 
over {aj.}^[^l with aj. G A referring to the pole of f{wi). Because of the determinant, we get 
nonzero contributions only when all aj^ are mutually distinct. Also, if Aj = Aj' then permuting 
ji and ji' does not affect the contribution. This symmetry allows us to cancel the prefactor 
(mi!m2! ■ ■ ■ and replace the summation over A by a summation over disjoint subsets of J 
of size 7711,7712, and so on. Hence we can evaluate expression fl3.10p for as a sum over sets 
S = {Si, 5*2, . . . , ) of size mi, m2, . . . such that S'j C A, |S'j| = mj, mi + 2m2 + Sm^ + ■ ■ ■ = k 
and the Si are disjoint. Call S the set of all such sets S = {Si, S2, ■ ■ ■)■ It is also convenient 
to index the elements of S as 

S {^1) ^2, ■ ■ ■ , ) • • • ; ^77)1+7712 ! • • • ! ^mi+ni2H — } 

where the first mi elements are in Si, the next m2 are in 5*2 and so on. For a given 6 G 5 
we denote by \{b) the index of the Si such that b G Si. Then by expanding into residues 
equation (I3.10p takes the form 



mi+m2+- 



fik = Yl - if n ■ ■ ■ f{q'^^'^^-\) det 

' -•- -•- w=bi 

565 j=l 



biq^i^') - bj 



mi+m2+- 



i,j=l 

(3.11) 

We will prove our identity (the equivalence of (13. 9p and (13.101) ) via induction on k. The 
case k = 1 is immediately checked. Let k be general, and assume we already have a proof for 
k — 1. In (13. 9p we can evaluate the integral over Zk as a sum of residues involving {k — l)-fold 
integral: 



(fc-l)(fc-2) 

m = (-g^-^)\; — — (-1)^-^ ^^^ (3.12) 



^k-u V- Res,=aJ{z) q- 



J6J 



X 



dzi ■ ■ ■ dzk-i. 

J- J- 7' A — nyr, 7-1 ... 7-7. 1 



Za — qZB Zi - ■ ■ Zk-l 

l<A<B<k-l ^ ^ i K i 



Now apply the induction hypothesis to the {k — l)-fold integral in the right-hand side 
3ve with fj{z] 
facts: For £ ^ j 



above with fj{z) = f{z)jz^ and the set of poles Aj = (A\{aj}) U {qaj}- We note two useful 



fMi)fMai)---fM ' ai) = T—i f{ai)---f{q' ai) 

ai — qttj qai — qaj q^^ '-a^ — qaj 

- ^'"'°'~''^g^^^VM---/(g^-^a,), (3.13) 



ae — qaj 



and 



Res mf]{q\) . . . f,{<l'^-\) = {q- 1)%;^^ " " " " " " f^l''''^ 



{q'^-'a, - a,)q'~'^f{qa,) ■ ■ ■ f{q'^-'a,). (3.14) 
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By induction, the integral in the right-hand side of f l3.12p can be written (according 
to the discussion at the beginning of this proof) as a sum over non-intersecting subsets 



Sj = {Sj^i, Sj^2 ■ ■ ■) with Sj^£ C Aj, \Sj^e\ = "me and mi + 2m2 + 3m3 + 



k — 1 (let Sj be 



the set of all such 5*^). Thus from (13. lip the right-hand side of (I3.12p can be expanded as 
{k - 1),!(1 - q)'-' Yl ^ ^ 



i6>^ 5G-S, 



w=b 



(3.15) 



6e5\{gaj} 



X Re^f{w) ■ Res f,{w) ■ f,{q\) ■ ■ ■ /.(g'^^'^^^a,), 

w=aj w=qaj 



where X{b) is the index of the set Si^. that contains b. 

It will be more convenient to map these subsets and aj onto a new set of subsets. From 
ttj G A and the collection {Sj^i, Sj^2, . . .) we now construct a collection {Si, S2, . . .) of disjoint 



subsets of A with \Si\ = rrii and mi + 2m2 + 3m3 + 
Si = Sj^i\{qaj}; Si^i = Sj^i^i U {aj}; 
If qttj ^ ^i>iSji then 

5*1 = Sj^i U {cij}', Sm = S. 



k. If qaj E Sjj for some i then 



Sm. — S- 



j,m-, 



m > 1. 



m 7^ 



+ 1. 



Then using fl3.13p for the second line of (I3.15P and fl3.14p for the third line we find that 
for a given collection (5*1, 5*2, . . .), the associated term in equation (13.150 is given by 



mi+m2+-- 



X det 



mi+m2- 
i,e=l 



qbj 



n Res/(^)/(g6)/(g26)---/(g^(^)-i6), 

-•- -•- w=b 



fe6SiU52U-- 



where 6j = biq^^^ and 5ij = 1 if z = j and zero otherwise. Note that although the above 
expression makes sense literally only for \{bj) > 1, the natural limit X{bj) — )■ 1 gives the 
correct contribution for those b G Si. In that case the factor bj{q^^^^^~^ — l)g2~''*(^j) disappears 
and the j*'* row and column of the matrix whose determinant we compute is removed. 

To prove the induction step, we need to show that the sum above equals the analogous 
term in (13. lip , which is 



kq\{l - q)'' del 



-1 mi+m2+-- 



i,e=l 



n Resf{w)f{qb)---f{q'^'^~'b). 

w=b 



be5iU52U- 
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The contribution of / can be canceled right away. Recalhng the g-factorial definition and 
gathering factors of q we are thus lead to prove the following identity 



mi+m2+-' 



MM) n «M^det 



qhj - hi 



m\+m2+- 



il=l 



l_gEA(6.))det 



1 



-1 ■mi+m2+" 



h^qKh) - be 



il=l 



Abbreviating X{bi) =: Aj and evaluating the Cauchy determinants via 



det 



_Xi + yj_ 



Ui,jix^ + yj) 



(where V{xi) = ni<7( 

the Vandermonde determinant) we obtain 



qhj - q^'be V{biq^')V{beq^''^) 



ibj - bi Ui/be 



i=i ^T^j 
Equivalently, the desired identity reduces to showing that 



sr^ Ui>iibj-beq'') 1 _ 

^ Ue^,ib,-be) b, ^ • 

The left-hand side of the above formula is the sum of the residues of the function 



z - bfq^' 1 
z — bi z 



at the points z = bi for i > 1. On the other hand —(1 — g^^^) is the difference of residues 
of the same function at 2; = oo and z = 0. This completes the proof. □ 

We state an analogous formula to the one contained in Proposition 13.2.11 which now 
involves integrating around zero and over large contours. 



Proposition 3.2.2. For any continuous function f{z) and k > 1, 

ZA - Zb f{zi) ■ ■■ f{Zk) 



^ k,\ (1 - q-^f 
k\ {21^1)^ 



n 



\<A<B<k 



ZA -qZB Zi--- Zk 



dzi ■ ■ ■ dzk 



^ ■ ■ ■ y det 


1 




Wiq-'^ - Wj_ 



Ylf{wj)dwj, 



(3.16) 
(3.17) 



i,j = l 7 = 1 



where the Zj-contours and wj-contours are all the same. 
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Remark 3.2.3. Assuming A is inside a small enough neighborhood of 2 = 1, the integration 



contours of Proposition 13.2.11 with additional small circles around Zj = 0, j 



k (cf. 



Proposition 13.2.51 below) can be deformed without passing through singularities to the same 



circle of the form I Zn 



R>1. 



Proof. The following is a useful combinatorial identity from which the result readily follows. 
This identity can be derived using Proposition 13.2.11 by choosing / with exactly k poles and 
then evaluating both sides via residues. It can also be shown through induction. 

Lemma 3.2.4 ([70], 111(1.4)). Set Cg^k = {q~^ -!)■■■ {q'^ - 1) then 

r ~\ k 

11 Z ~ = Cq^kZi- ■ ■ Zkdet 



Za{A) — Z„{B) 
aeS, l<A<B<k ^-(^) ~ ^^-(^) 



We may use this to symmetrize the integrand in the right-hand side of fl3.16p . The only 
non-symmetric term is the product over A < B. However, using the above combinatorial 
identity we find that (recall the k\ came from symmetrizing) 



fc(fc-i) 

/X. - ^(-1) Cg,,j^ 



det 



WiQ^^^ — Wj 



Y[f{wj)dwj. 



i,i=l .7=1 



It is now straight-forward to check that the prefactors of the integral are as desired. 



□ 



Proposition 3.2.5. For simplicity assume /(O) = 1. Recall fij from Ii3.9\) (with fi^ = 1 for 
convenience) and define fij by adding a small circle around to each of the Zj contours in 
(EJ). Then 



, fc(fc-i) 



k 

E 

i=o 



-lyq 2 



Proof. Define a triangular array of integrals Uj ^ by 



(27ri)*^+^' 



n 



l<A<B<k+j 



za - Zb 
. Za - qzB 



f{zi)--- f{Zk+j) 



dz\ • • • dzk-\-j 



Zk+j 



Zl 



where the contours for 2:1, ... , Zj do not contain 0, whereas the contours for -Zj+i, . . . , Zk+j do 
contain 0. 

By shrinking the contour Zj+i without crossing through we can establish the recurrence 
relation 



^j,k = ^j+l,k-l + q ^j,k-l- 



This can be solved to find that 



k 
j=0 



from which the proposition follows by relating uj^q to fij and i^o.fc to flk- 



□ 
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3.2.2 General Fredholm determinant formula 

In this section we state certain formal identities between power series and Fredholm deter- 
minant expansions. Later we specialize our choice of functions and show that these formal 
identities then hold numerically as well. We should first, however, specify what we mean by 
a formal identity versus a numerical identity, and also what is a Fredholm determinant (in 
both contexts). 

Background and definitions for Fredholm determinants 

Definition 3.2.6. Fix a Hilbert space //) where X is a measure space and /i is a 

measure on X. When X = F, a simple smooth contour in C, we write L'^iT) where /i is 
understood to be the path measure along F divided by 2Tii. When X is the product of a 
discrete set D and a contour F, /i is understood to be the product of the counting measure 
on D and the path measure along F divided by 27rt. 

Let be an integral operator acting on f {■) G L^(X, yu) hj Kf{x) = K{x,y)f{y)dfi{y). 
K{x, y) is called the kernel of K. A formal Fredholm determinant expansion of I + K is a. 
formal series written as 



If K is a trace-class operator then the terms in the above expansion can be evaluated and 
form a convergent series. This is called the numerical Fredholm determinant expansion as 
it actually takes a numerical value. The following is a useful criteria for an operator to be 
trace-class (see [65] page 345 or [T5]). 

Lemma 3.2.7. An operator K acting on L'^iT) for a simple smooth contour T in C with 
integral kernel K{x,y) is trace-class if K{x,y) : F^ — )■ M continuous as well as K2{x,y) is 
continuous in y. Here K2{x,y) is the derivative of K{x,y) along the contour F in the second 
entry. 

A formal power series in a variable ( and a formal Fredholm determinant expansion 
whose kernel K{x, y) depends implicitly on ( are formally equal (or their equality is a formal 
identity) if they are equal as formal power series in (. 

Fredholm determinant formulas 

Proposition 3.2.8. Consider as in equation Ii3.10\) defined with respect to the same set 
of poles A for k = 1,2,.. ., and set the Wj-contours all to be C^, such that contains the 
set of poles A of the meromorphic function f{w). Then the following formal equality holds 





(3.18) 
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where det(/ + K) is the formal Fredholm determinant expansion of 



K : L2(Z>o X C^) ^ L2(Z>o x C^) 
defined in terms of its integral kernel 



K{ni,wi]n2]W2) 



The above identity is formal, but also holds numerically if the following is true: There exists 
a positive constant M such that for all w G and all n > 0, \ f{q""w)\ < M and ( is such 
that 1(1 — q)(\ < M~^; and — w'\ is uniformly bounded from zero for all w,w' G 

and n > 1. 

Proof. All contour integrals in this proof are along Cy^. Observe that we can rewrite the 
summation in the definition of fik so that 



1 



(mi + m2 + 



w 



31 



where w = {wi, . . . , wl) , A = (Ai, . . . , Xl) and is specified by A = i™-i2"^2 
integrand is 



and where the 



1 



{2ttl) 



det 



1 



l[{l-q)'X'^f{w,)f{qw,)---f{q'^-' 



i J=l 7=1 



The term 



(r?ii+m2+--- )! 
mi\m2\--- 



is a multinomial coefficient and can be removed by replacing the 



inner summation by 



~^k,m-\ ,mo,... 3 1 



'^l-f-t'^L^^k,m^ ,7712 



with n = (ni, . . . , rii) and where Ck,mi,m2, 
l,mj of the rij equal j}. This gives 



{rii, . . . ,nL > 1 : "^Ui = k and for each j > 



^' L>0 ■ ni,...,nL>l j=l 



Now we may sum over k which removes the requirement that ^ = k. This yields that 
the left-hand side of equation fl3.18p can be expressed as 



L>0 ni,...,n£>l 



<ji ■ ■ ■ ^ det 


1 




q^^Wi — Wj 



_ qrX^^f{w,)f{qw,) ■ ■ ■ f{q-^-'w, 



i,j=l 7 = 1 



dwj 
(3.19) 
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This is the definition of the formal Fredholm determinant expansion det (J + K), as desired. 

We turn now to the additional conditions for numerical equality. In order to justify the 
rearrangements in the above argument, we must know that the double summation of f l3.19p 
is absolutely convergent. By the conditions stated and Hadamard's bound we find that: 





1 




q"-^Wi — Wj 



-I i,j=l 1=1 



n(i-grO/K)/W---/(g"^-^ 



27lt 



for some constant B large enough and a positive constant r < 1 (such that \{l — q)(C\ < r < 
1). This bound may be plugged into the summation in L and in ni, . . . ,nL and evaluating 
the geometric sums we arrive at 

L 



y- — 



(l-r) 

which is finite due to the L\ in the denominator. This absolute convergence means we can 
permute terms any way we want, and hence justifies the earlier calculations as being numerical 
identities (and not just formal manipulations). □ 

Proposition 3.2.9. For 



fe(fe-i) 



{27n) 



n 



l<A<B<k 



za - Zb f{zi) ■ ■■f{zk) 
za - qzB zx--- Zk 



dz\ • ■ ■ dzk, 



(3.20) 



cf. Proposition \3. 2. 1A and Remark \3. 2. 3[ with k > 1 and integrals along a fixed contour C^, 
the following formal identity holds 

detil + K) 

where det (J + K) is the formal Fredholm determinant expansion of 

defined in terms of its integral kernel 

K[wx, W2) = (1 - g )C T • 

wiq-^ - W2 

The above identity is formal, but also holds numerically for ( such that the left-hand side 
converges absolutely and the right-hand side operator K is trace-class. 

Proof. Plugging in the formula for fik to the power series, gives (absorbing the 27rt into dw): 



fc>0 



fc>0 





■ (p det 







fiWi 



Wiq^ 



n^^det(/./?). 



i,i=l 4=1 



Given the additional convergence, the numerical equality is likewise clear. 



□ 
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3.2.3 q-Whittaker process Fredholm determinant formulas 

We may apply the general theory above to the special case given by Proposition 13.1.51 to 
compute the g-Laplace transform of Aa? under the measure MMt=o(ai5 ■ ■ ■ .cln] p)- 

Small contour formulas 

Corollary 3.2.10. There exists a positive constant C > 1 such that for all \C,\ < the 
following numerical equality holds 

= det(J + ir) 



where det(J + K) is the Fredholm determinant of 

K : L2(Z>o X Ca^p) ^ L2(Z>o X Ca^p) 
defined in terms of its integral kernel 

K(ni, wi; na, w-i) = (3.21J 

q^^Wi — W2 



with 

/(») - (_n ^) (rid - exp{(, - 1),.} (3.22) 

and Ca,p a positively oriented contour containing ai, . . . ,aN and no other singularities of f . 

Proof. Observe that using the corollary of the g-binomial theorem recorded in equation (13. ip . 
for ICI < 1 we may expand 



(tn^N-a) / ^ A- 1 \ /MMt=o(ai,...,ajv;p) ■ 

The convergence of the right-hand side above follows from the fact that (^^^ < 1 and 

(C/(l-9))^ _ 

which shows geometric decay for large enough k. 

In Propositions 13 . 2 .T] and I3l2l8] we may choose / as in equation f l3.22p and choose contours 
so as to enclose only the Oi, . . . , singularities of /. The result is the kernel of equation 
(13.21 1) . Proposition 13.2.8] now applies (since the constant C in the statement of the result 
can be chosen such that for all w G Ca,p and for all n>0, |/(g""u;)| < C, the equality in that 
proposition is numerical). Finally Proposition 13.1.51 shows that ^(aj a,^-p) ~ 

as defined by the / above, and thus the corollary follows. □ 



64 



Theorem 3.2.11. Fix p a Plancherel (see Definition \2.2.3\) Macdonald nonnegative special- 
ization. Fix < 5 < 1 and ai, . . . , oat such that \ai — 1\ < d for some constant d < ^— ^ 
Then for all ( eC\R+ 



1+9* 



det{I + K^) (3.23) 



where det(/ + K(^) is the Fredholm determinant of 

K^:L\Ca)^L\Ca) 

for Ca a positively oriented circle |u; — 1| = d. The operator K,^ is defined in terms of its 
integral kernel 

Kciw,w') = — / T{-s)T{l + s){-Cyg^,^,{q')ds 

where 

9w,w'Vl ) = 7 I I -y—, ^ — exp [-fw{q - 1)). (3.24) 

q^w - w' [w/am] q)oo 

The operator is trace-class for all ( E C \ M+. 

The above theorem should be contrasted with Proposition 13.1.71 which gives an iV-fold 
summation formula for the left-hand side of (13.231) . Note also the following (cf. Proposition 

Corollary 3.2.12. We also have that 

PMMt^o(ai,...,ajv;p)(Aiv = u) = I (g"C; (l)oo det(/ + K(^)dC 

where Cn,q is any simple positively oriented contour which encloses the poles ( = q~^^ for 
< M < n and which only intersects IR+ in finitely many points. 

Proof of Theorem \3.2.11\ The starting point for this proof is Corollary 13.2.101 There are, 
however, two issues we must deal with. First, the operator in the corollary acts on a different 

space; second, the equality is only proved for |^| < C~^. We split the proof into three 
steps. Step 1: We present a general lemma which provides an integral representation for an 
infinite sum. Step 2: Assuming C G {C • ICI < C^'^^C ^ '^+} we derive equation (I3.23p . Step 
3: A direct inspection of the left-hand side of that equation shows that for all Q 7^ q~^^ for 
M > the expression is well-defined and analytic. The right-hand side expression can be 
analytically extended to all C ^ and thus by uniqueness of the analytic continuation, we 
have a valid formula on all of C \ M+. 

Step 1: The purpose of the next lemma is to change that space we are considering 
and to replace the summation in Corollary 13.2. 101 by a contour integral. 
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Lemma 3.2.13. For all functions g which satisfy the conditions below, we have the identity 
that force {C:\C\< I, C^^+}: 

oo „ 

J^g^iCr = 77- / r(-.)r(i + s)i-crg{q^)ds, (3.25) 

where the infinite contour Ci^2,... is a positively oriented contour which encloses 1,2, .. . and 
no singularities of g{q^), and is defined with respect to a branch cut along z G M~. For the 
above equality to be valid the left-hand-side must converge, and the right-hand- side integral 
must be able to be approximated by integrals over a sequence of contours Ck which enclose 
the singularities at 1,2, ... ,k and which partly coincide with Ci^2,... in such a way that the 
integral along the symmetric difference of the contours Ci^2,... one? Ck goes to zero as k goes 
to infinity. 

Proof. The identity follows from Resr(— s)r(l + s) = (—1)^- □ 

s=k 

Remark 3.2.14. Let us briefly illustrate the application of Lemma [3.2.131 which is similar 
to Mellin-Barnes type integral representations for hypergeometric functions. Consider 

1 ^ c 



' ^ in- n\, ( n- n\ < ^ 



By including the pole at in Lemma [3 . 2 . 1 3 1 one readily checks that for C ^ {C :\C\ <\,C ^ 

oo „ 

E 5)00 = / r(-s)r(i + s){-Q\q^- qUds, 

k=0 JCo,l,2,... 

and thusforCe{C:|CI<l,C^K+} 

(9;g)oo 



(C;g) 



00 



T(-s)T{l + s)i-Cnq';qUds. 

Co,l,2,... 



The left-hand side is analytic for all ( 7^ q~^^ , M > 0, while the right-hand side is analytic 
for ( ^ M+. By analytic continuation, the above equality holds for all ( ^ M+. Analytic con- 
tinuation of the right-hand side to the whole domain of analyticity would require additional 
means. 

Step 2: For this step let us assume that C ^ {C • ICI < ^ We may rewrite 

equation (I3.2ip as 

K{ni,Wi;n2,W2) = C^gw^,w2{<f'^) 
where g is given in equation f l3.24p . 

Writing out the M*'* term in the Fredholm expansion we have {Ca,p of Corollary 13.2.101 
are chosen to be Ca of the statement of Theorem 13. 2. lip 

M 00 



^ J2 sgn{a)f[(l dw.j C'9^,,w.,,M 
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In order to apply Lemma [3 .2 .131 to the inner summations consider contours {Ck}k>i which 
are positively oriented semi-circles that contain the right half of a circle centered at 6 and 
of radius k. The infinite contour C1.2,... = 6 + iM. By the condition on the contour Ca we 
are assured that these finite semi-circles Ck do not contain any poles beyond those of the 
Gamma function r(— s). The only other possible poles as s varies is when q^Wj — Wo-q) = 0. 
However, the conditions on Ca and on the contours on which s varies show that these poles 
are not present in the semi-circles Ck- 

In order to apply the above lemma we must also estimate the integral along the symmetric 
difference. Identify the part of the symmetric difference given by the semi-circle arc as C^'^'^ 
and the part given by {ty + 6 : \y\ > k} as C^^^. Since Re(s) > 5 it is straight-forward 
to see that gwi,w2{(l^) stays uniformly bounded as s varies along these contours. Consider 
then (— C)'^- This is defined by writing —( = re*^ for 6 G (—71,71) and r > 0, and setting 
{—C)^ = r'^e''^^. Writing s = x + ty we have |(— C)^| = r^e~^^. Note that our assumption on 
( corresponds to r < 1 and 6 G (— tt, tt). Concerning the product of Gamma functions, recall 
Euler's Gamma reflection formula 

T{-s)T{l + s)= 7" (3.26) 
sm(— TTS) 

One readily confirms that for all s: dist(s, Z) > c for some c > fixed. 
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c' 

< 



sm[-7is) e'^^'^^^'> 

for a fixed constant c' > which depends on c. Therefore, along the C^^^ contour, 

|(-C)T(-s)r(l + s)| -e^J'V'^l^l, 

and since 6 G (— 7r,7r) is fixed, this product decays exponentially in \y\ and the integral goes 
to zero as k goes to infinity. Along the C^^'^ contour, the product of Gamma functions still 
behaves like c'e~'^'^' for some fixed c' > 0. Thus along this contour 

|(-C)T(-s)r(l + s)\ ~ e-^Ve-"l^l. 

Since r < 1 and — (tt + 9) < these terms behave like e"^"^'^"'"'^'-* (c" > fixed) along the 
semi-circle arc. Clearly, as k goes to infinity, the integrand decays exponentially in k (versus 
the linear growth of the length of the contour) and the conditions of the lemma are met. 

Applying Lemma 13.2.131 we find that the M^^ term in the Fredholm expansion can be 
written as 



2 ^ /" 1 ri'Oo+S 

- J2 sgnia)l[(h dw,— / rfs,r(-s)r(l + s)(-C)'^7«.„-.0)(g1- 

C ^ 1 J Cn. J — tCXD+O 



Therefore the determinant can be written as det(/ -|- as desired. 
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Step 3: In order to analytically extend our formula we must prove two facts. First, that 
the left-hand side of equation (13.23^ is analytic for all ( ^ M+; and second, that the right- 
hand side determinant is likewise analytic for all ( ^ IR+ (and in doing so that the operator 
is trace class on that set of (). 

Expand the left-hand side of equation (13.231) as 



E 

n=0 



^(^--^^ (3.27) 



(i-Cg")(i-Cg"+^) 



where P = PMMi=o(ai,...,a^r;p)- 

Observe that for any ( ^ {g^^^}M=o,i,..., within a neighborhood of C the infinite products 
are uniformly convergent and bounded away from zero. As a result the series is uniformly 
convergent in a neighborhood of any such ( which implies that its limit is analytic, as desired. 

Turning to the Fredholm determinant, let us first check that we are, indeed, justified in 
writing the infinite series as a Fredholm determinant (i.e., the K,^ is trace-class). We use the 
conditions given in Lemma [3.2.71 which requires that we check that Kq{w,w') is continuous 
simultaneously in both w and w' , as well as that the derivative of Kq{w,w') in the second 
entry is continuous in w' . Both of these facts are readily checked. In fact, since we have a 
uniformly and exponentially convergent elementary integral, it and all its derivatives in w 
and w' are continuous. This is because differentiation does not affect the exponential decay. 

In order to establish that the Fredholm determinant det(J -|- Kq) is an analytic function 
of C away from M+ we appeal to the Fredholm expansion and the same criteria that limits 
of uniformly absolutely convergent series of analytic functions are themselves analytic. In 
particular, 

det(/ + i^^) = 1 + / dwi--- [ dWndet{K^{wi,Wj))lj^^. 

It is clear from the definition of that det{K(^{wi,Wj))^j^i is analytic in ( away from M+. 
Thus any partial sum of the above series is analytic in the same domain. What remains is to 
show that the series is uniformly absolutely convergent on any fixed neighborhood of ( not 
including R_|_. Towards this end consider the n^^ term in the Fredholm expansion: 



FniO = —, I dwi--- dWn dsi--- dsndeti— ) (3.28) 

nUCa Jca J-ioo+5 J-,oo+5 \q'^Wi - Wj J --^-^ 



X 



We wish to bound the absolute value of this. Observe that uniformly over sj and wj the term 



/oo 



< consti (3.29) 
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for some fixed constant consti > 0. Now consider the determinant. Along the contours for 
s and w the ratio ^sij^^. is uniformly bounded in absolute value by a constant const2- By 
Hadamard's bound 



det 



< (const2)"ri"/^ (3.30) 

Taking the absolute value of fl3.28p and bringing the absolute value all the way inside the 
integrals, we find that after plugging in the results of fl3.29p and fl3.30p 



\Fn{0\ < I dwi--- / dwn / dsi--- dSr, 

JCa JCa J -iOO+S J-t.OO + 5 



X Yl \T{-Sj)T{l + Sj)(-C)'^ | (consti)'^(const2)"n"/2. 



For ( ^ M+ it is then easy to check (using decay properties) that in a neighborhood of ( 
which does not touch M+, the expression 



/LOO + 5 
ds\T{-s)Til + s)i-Cy 
'LOO+5 



-tooH-<5 

is uniformly bounded by a fixed constant const^ > 0. Thus we have 



\Fn{0\ 1 dwi--- I dWn{constiY{const2Y{conshY'nJ'/^ < 



which is uniformly convergent as a series in n, just as was desired to prove analyticity in 

C- □ 

Proof of Corollary \3.2.12[ By virtue of the fact (given in Step 3 of the proof of Theorem 
13. 2. lip that {^-^T^-^ — ) is analytic away from ( = for integers M > 0, it follows that 

even though the Fredholm determinant det(/ + K(^) is not defined for ( G M_|_ we may still 
integrate along a contour which intersects M+ only a finite number of times. We may then 
apply the inversion formula of Proposition 13.1.11 to conclude our corollary. □ 

Large contour formulas 

Definition 3.2.15. A closed simple contour C is star-shaped with respect to a point p if it 
strictly contains p and every ray from p crosses C exactly once. 

Theorem 3.2.16. Fix p a Macdonald nonnegative specialization, defined as in equation 
/12.23\) in terms of nonnegative numbers {ai}i>i, {/3j}j>i and 7. Also fix ai,...,aN posi- 
tive numbers such that aiaj < 1 for all i,j. Then for all ( & C 



((C; ^)A.)MM..oW,...,a^;p) = (C; ?)oo ( . . . ) = det(J + (K) (3.31) 
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where det(/ + (K) is an entire function of ( and is the Fredholm determinant of 

k : L2(a,p) ^ L\Ca,p) 
defined in terms of its integral kernel 

K{Wi,W2) = 

qw2 - wi 

with 

/H = (fi fn(i - - 

and Ca,p a positively oriented star-shaped (with respect to 0) contour containing ai,. . . ,aN 
and no other singularities of f . 

Proof. Observe first that both sides of equation f l3.3ip are analytic functions of The right- 
hand side is clear since det(/ + (K) is always an entire function of ( for K trace-class. The 
left-hand side is analytic as can be seen from considering its series expansion: 



Y,n^N = n){i - 0(1 - Cg) ■ ■ ■ (1 - Cg"-'), 



n=0 



where P = Pmm,. -_o{ai,...,aN;p)- The products above are clearly converging uniformly to non- 
trivial limits in any fixed neighborhood of ( and hence the series is likewise uniformly con- 
vergent in any neighborhood defining an analytic function. One similarly shows the (real) 
analyticity of both sides of f l3.3ip in ai, . . . , cat. 

It remains to prove equation fl3.3ip for \(\ < 1 and a^'s in a small enough neighborhood 
of 1. By Proposition 13.1. 5[ ^(^^1 a^-p) ~ defined by the / above. Using 

Remark 13.2.31 and Proposition 13.2.51 we may write 



i=0 Q- 

By (I32D we get 

= (-1)'^"^ ((1 - ■ ■ ■ (1 - ^'""')>MM..oK,...,a.;p) = (/"-(^-'^ ^)^)mM..oK,...,..;p) " 

Prom the above it is clear that < 1. Replace ( by (/{I — q) in Proposition 13.2.91 and 
observe that due to the g-Binomial theorem 

(C/(i _ f.,A„-,A _/ (C;9)oo 
k " \k ('^ /mm,.,. " \ K'^"^ ' — <» 

The left-hand side above is clearly convergent for \C, \ < 1 hence equation fl3.3ip holds. □ 
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Note also the following (cf. Proposition 13.1.1]) . 
Corollary 3.2.17. Under the assumptions of Theorem \3.2.16[ one has 
P ^^ - ^- /" detq + Ci^) 

FMM..o{a„...,a.;p)(A^ - u) - ^ J —^—^dC 

where the integration is along any positively oriented contour which encloses the poles ( = 
forO < M <n. 

Remark 3.2.18. The above, simple, formula for the probability density is highly reminiscent 
of the initial Fredholm determinant expression of Tracy and Widom [98] in the context of 
the ASEP. While simple, it is not obvious how to take asymptotics of this formula. The 
approach of [98] may serve as a guide and one might try to factor the kernel so as to cancel 
the denominator product and then re-express the resolvent as a kernel written in terms of a 
separate integration. We, however, make no attempt at this presently, as we already have a 
different Fredholm determinant expression which is more readily studied asymptotically. 

3.3 q-TASEP and the q-Whittaker 2d-growth model 
3.3.1 The q-Whittaker 2d-growth model 

Let us now look at the limits as t — of the transition rates of the continuous time Markov 
process from Section 12.3.31 



Lemma 3.3.1. Fort = we have 



oo 



i=l 



1=1 



^v, = n (i-g^'-^'+^). 

i>l:Ai=/Ji,Ai_|.i=/Ji4-i+l 

Proof. Substitution t = into the formulas of Section 12.1.61 □ 

Lemma [3.3.11 enables us to compute the limits of the matrix elements of the generator q. 
The off-diagonal entries are either or 

V'(A('")unfc)/A('"-i) ,/ 

, ,,,, ~ nA('"'unfe)/A(™) ' 

r At™) /A(™-i) 

for suitable 1 < k < m. 
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Lemma 3.3.2. For any 1 < k < m, A^"*"^) G Y(m - 1), A^"*) G Y(m), A^™"^) ^ A^'"), we 
have 

V'(A("')uDfc)/A('"-i) -^fc+i+^) 

If k = m = 1, the right-hand side is 1. If k = 1 and m > 1 the right-hand side should be 
read as (1 — q^^ — q^^ ^^). Finally, if k = m the right-hand side is equal 

to (1 - g-^^-i "-^"^ ). 

Proof. We will do the computation for m > 1 and 1 < k < m. The three cases listed 
separately are obtained by omitting suitable factors in the expressions below. From the 
formula of Lemma 13.3.11 we have 



Since V'(Aunfe)/A = ~ q^''^^'^''), we arrive at the result. □ 
We may now make the following definition. 

Definition 3.3.3. The q-Whittaker 2d-growth model with drift a = (ai, . . . ,a7v) G is a 
continuous time Markov process on the space X^'^^ of Section I2.3.3[ whose transition rates 
depend on q and the set of parameters ai . . . , cat and are as follows: Each of the coordinates 
A^™"* has its own independent exponential clock with rate 

(1 _ q^ti''~^lr')ll _ q^'r'-^tiW) 



^{m)_^(m-l) 

[l-q 



(as in Lemma [3. 3. 21 the factors that do not make sense must be omitted). When the A^''-clock 
rings we find the longest string A^^ = A^^^"* = ■ ■ ■ = A^"^*""* and move all the coordinates in 
this string to the right by one. Observe that if A^ = X\_i then the jump rate automatically 
vanishes. 

We will sometimes call the above dynamics the q-Whittaker 2d-dynamics. To visualize 
this process it is convenient to set x^^^ = A^™'' — k. These dynamics are illustrated in Figure 
0(a) and (b). 

Remark 3.3.4. It follows immediately from Proposition 12.3.6] that if the g-Whittaker 2d- 
growth model is initialized according to lSAlSAt=o{cii, . . . ,aN', p) with p a Plancherel special- 
ization with 7 = (i.e., initially A^™""* = 0), then after time r, the entire GT pattern is 
distributed according to MMf=o('2i, ■ ■ ■ ,ciN] p) with p a Plancherel specialization with 7 = r. 
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Remark 3.3.5. Even though the above 2d-growth model is initially defined on the state 
space A''-^-' for a fixed number of layers N, it is possible to extend these dynamics to the 
space of infinite Gelfand-Tsetlin patterns - one can find constructions of such Markov 
dynamics on infinite schemes in the Schur case in [23l [20] . 

Remark 3.3.6. Proposition 12.2.61 implies that the sums Yl^=i -^i'^^ evolve under the q- 
Whittaker 2d-dynamics as independent (for each k) Poisson processes. 

3.3.2 q-TASEP formulas 

The projection of the g-Whittaker 2d-growth model dynamics to the set of smallest coordi- 
nates {X^k^}k>i is also Markovian. If we set Xk = X^^^ — k for k = 1,2, . . ., then the state space 
consists of ordered sequences of integers xi > X2 > > ■ ■ ■ . The time evolution is given 
by a variant on the classical totally asymmetric simple exclusion process (TASEP) which we 
call g- TASEP and define as follows (see Figure [LT] (c)): 

Definition 3.3.7. The q-TASEP is a continuous time interacting particle system on Z where 
each particle Xj jumps to the right by 1 independently of the others according to an expo- 
nential clock with rate aj(l — g^^-i-^'i-i)^ where a^'s are positive and < g < 1. A particular 
initial condition of interest is that of the step initial condition where a:„(0) = —n, n = 1,2, . . . . 

Remark 3.3.8. In the case Oj = 1, the g- TASEP and its quantum version under the name 
"g-bosons" were introduced in [89] where their integrability was also noted. 

As long as there is a finite number of particles to the right of the origin initially, this 
process is well-defined since only particles to the right affect a particle's evolution. In Section 
13.3.31 below we briefly discuss two approaches which may be used to construct g- TASEP for 
any initial condition. 

The exponential moment formulas of Section l3.1.3l and the Fredholm determinant formula 
of Section [3.2.31 translate immediately into formulas for g- TASEP since Xn + n = An"''. In 
particular, Theorem 13.2.11! gives the distribution of Xn in terms of a Fredholm determinant, 
from which one could extract asymptotics. 

3.3.3 Properties of the q-TASEP 

We now briefly study the properties of the g- TASEP from the perspective of interacting 
particle systems. We assume here that the jump rate parameters = 1- We also indicate a 
few results one might hope to extend from the usual TASEP setting. The totally asymmetric 
simple exclusion process (TASEP) corresponds to the g = limit of g-TASEP in which 
particles jump right at rate 1 if the destination is unoccupied (this is the exclusion rule). 

When initialized with a flnite number of particles to the right of the origin it is easy to 
construct the g-TASEP, as we did in the previous section. This approach fails when there 
are an inflnite number of particles because we can not simply construct the process from the 
right-most particle on. There are two approaches one employs to prove the existence of such 
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infinite volume dynamics: Markov generators, and graphical constructions. Both of these 
approaches work for the g-TASEP though we will mainly present the graphical construction. 

Proposition 3.3.9. For any (possibly random) initial condition x° = {xj(0)} of particles, 
there exists a q-TASEP process x{t) for t > with x{0) = x^ almost surely. 

Proof. Assume there is an infinite number of particles to the right of the origin (otherwise the 
dynamics have already been constructed). The graphical construction enables us to construct 
the dynamics simultaneous for all initial conditions (and hence provides the basic coupling of 
g-TASEP). We only consider a finite time interval [0, T] but because of the Markov property, 
we can extend our construction to all t > 0. The key idea is to prove that the dynamics split 
into finite (random) pieces on which the construction is trivially that of a continuous Markov 
chain on a finite state space. 

Above every site of Z, draw half-infinite time lines and throw independent Poisson point 
processes of intensity 1 along these lines. To every point associate a random variable uniformly 
distributed on [0, 1]. Particles move up along these time lines until they encounter a Poisson 
point at which time they compare the point's random variable r with the quantity r' = l—q'^~^ 
where d is the distance to the next particle to the right. If r < r' then the particle jumps 
one space to the right, otherwise it makes no action. 

This process exists for the following reason: For any fixed time T > there almost surely 
exists a site n (which depends on the initial data and the Poissonian environment) such that 
there is initially a particle at site n and such that in the time interval [0, T] there are no 
Poisson points above n (i.e., the particle at n never moves). This ensures that the process to 
the left of n evolves independently of the process to the right and hence ensures the existence 
of the process to the left. There will be infinitely many such special separation points to 
the right of the origin and hence the process can be constructed in a consistent way in every 
compact set and hence the infinite volume limit dynamics exists. □ 

In particular it is worth noting that g-TASEP falls into a category of exclusion processes 
which are known as speed-changed simple exclusion processes (g-TASEP, however, does not 
satisfy the gradient condition and has a speed function which is not a local function of the 
occupation variables - see for instance [35] for more on speed-changed exclusion). 

Remark 3.3.10. Without getting into the technicalities, the generator construction deals not 
with particles but rather with occupation variables t] G {0, 1}^ where 77(2) = 1 corresponds 
to having a particle at z and ri{z) = corresponds to having a hole there. The generator for 
g-TASEP is denoted by l^-tasep jg ^^ggj^g^j \yy j^g action on local (i.e., depending only 
on a finite number of occupation variables) functions / : {0, 1}^ — )■ M by 

^,-TA5EP^(^) = 5^(1 - g^^(^)+^)r/(x)(/(r/-'-+i) - /(r/)) 

where gx{fl) is the number of O's in 77 to the right of x until the first 1, and where rj^'^^^ 
is the configuration in which the occupation variables at x and x + 1 have been switched. 
One readily checks the conditions for Theorem 1.3.9 of [68] are satisfied, hence the above 
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generator gives rise to a Feller Markov process as desired (condition 1.3.3 is clearly satisfied, 
whereas 1.3.8 is satisfied since ^„7(a;, u) is bounded by a geometric series with parameter q 
for u > x). 

Instead of keeping track of particle locations or occupation variables, one could alterna- 
tively consider the gaps between consecutive particles. Let Ui = Xi — Xj+i — 1 represent the 
number of holes between particle i and particle i + 1 (which recall is to its left). The evolution 
of the collection of also has a nice description in terms of a zero range process. 

Definition 3.3.11. The totally asymmetric (nearest neighbor) zero range process (TAZRP) 
on Z with rate function g : Z>o — t- [0, oo) is a Markov process with state space {0, 1, . . .}^. 
For a state y G {0, 1, . . .}^ one says there are Ui particles at size i. The dynamics of TAZRP 
are given as follows: in each site i, Ui decreases by 1 and i/j+i increase by 1 (simultaneously) 
in continuous time at rate given by g{yi). We fix throughout that (7(0) = 0. 

We record a few pertinent facts about TAZRP proved in the literature on the subject (see 
the book of Kipnis and Landim |63] for additional discussion). 

Proposition 3.3.12. 

1. Assume g{k) > for all k > 1 and sup;.>o Idi^ + 1) ~ 9{k)\ < ^^^'^ TAZRP is a 
well-defined Markov process. 

2. The set of invariant distributions for TAZRP which are also translation-invariant (with 
respect to translations of Z.) are generated by the following extremal invariant distri- 
butions fia on y{0), for a G [0, sup g{k)) : fi^ is the product measure with each yi{0) 
distributed according to 



3. If g{k + 1) > g{k) for k > 1 (the attractive case) then for two initial conditions y{0) < 
y'{0) (i.e. yi{0) < y'{0) for alii G there exists a monotone coupling of the dynamics 
such that almost surely under the coupled measure, y{t) < y'{t) for all t. 

Proof. The existence of the dynamics is proved in [69]. The invariant distributions and 
monotone coupling is shown in [3]. Recall that a measure /i is invariant for a Markov chain 
given by a semi-group S(t) if the push- forward of fi under S(t), written as fiS(t) is equal to 
fi for all t. □ 

From the above theorem we conclude the following immediate corollary. 

Corollary 3.3.13. The TAZRP associated to q-TASEP started with an infinite number of 
particles to the left and right of the origin is given by a rate function g{k) = 1 — q^ is a well- 
defined Markov process. Its translation invariant extremal invariant distributions are given 
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by product measure fia for a G [0, 1) with each yi{0) distributed according to the marginal 
distribution 



We call this distribution the q-Geometric distribution of parameter a . In the q = (TASEP) 
limit, the q-Geometric distributions converge to standard geometric distributions with proba- 
bility of k given by (1 — a)a^ . 

It is an easy application of the g-Binomial theorem (see Section I3.1.ip that for a random 
variable r given by a g-Geometric distribution of parameter a 



In the case of g- TASEP with only a finite number of particles to the left of or right of the 
origin, the TAZRP is no longer on Z but rather an interval (possibly half-infinite) of Z. At 
the boundaries one must put a source and a sink, but let us not go into that in detail. 

We close this section by remarking on a number of interesting and worthwhile directions 
of study for g-TASEP (which have received lots of attention for TASEP). One significant 
property of TASEP is the output theorem (sometimes called Burkes theorem) which says that 
the output of particles coming from the left to the right of the origin (when started from the 
invariant distribution) can be mimicked by a single source which attempts to inject particles 
at a smaller exponential rate (which depends on the density parameter for the invariant 
distribution). Given the exact solvability we have demonstrated in this paper for g- TASEP, 
it is reasonable to hope that a modification of this property holds in this setting as well. To 
add credence to this hope is the fact that some of the degenerations of g- TASEP or closely 
related models (such as the polymer models considered in Sections 14.11 and 15. 3p have output 
theorems [92|[9n]. 

Second class particles play an important role in the study of ASEP and can be studied 
here as well. For ASEP started with invariant distribution initial data, second class particles 
macroscopically follow characteristic lines for the conservative Hamilton- Jacobi PDE which 
governs the limiting shape of the height function associated to this particle system. Using 
couplings, this approach was employed to prove general hydrodynamic theories [HI]. Finer 
scale properties of second class particles can be related to two-point functions for ASEP as 
well as to the current of particles crossing a characteristic. These relations have been useful 
in establishing tight bounds on scaling exponents for the height function evolution of the 
ASEP [9]. It would be certainly very interesting to see if these approaches still apply for 



One of the key pieces in determining the associated hydrodynamic PDE for a particle 
system is to develop an expression for the flux in equilibrium. We now provide a heuristic 
computation for what the flux through the bond between and 1 should be per unit time 
(i.e., E[A'"t]/t where Nt is defined as the number of particles to cross from site to site 1 in 
time t). In order for a particle to move from site to 1, there must be a particle at site at 



/ia(z/i(0)) = (a;g) 



oo 




g-TASEP. 
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time t and hole at 1 at time t. First consider the probabiUty of having site 1 occupied. If we 
can determine the overall density of particles for a given parameter a, then the probability 
of a particle at should equal that density. This density is given by (1 + E[r])~^ where r is 
given by a g-Geometric distribution of parameter a. In order to calculate E[r] observe that 



where we used the g-Binomial theorem in the second equality. 

Now given a particle at 0, the probability of a jump occurring in a unit time dt is given 

by 



a 



where the last equality is from shifting the indices and recognizing the sum as P(r = k). 
Putting these two pieces together we find that (at least in this heuristic way) 

E[iVt] _ 1 



t - + E 



m=0 l-ag" 



where Nt is defined as the number of particles to cross from to 1 in time t. We do not have 
a nicer form than this for the flux, though when g = this reduces to a (1 — a) as expected. 
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Chapter 4 

Whittaker processes 



4.1 The Whittaker process Hmit 

4.1.1 Definition and properties of Whittaker functions 

Givental integral and recursive formula 

The class-one Qi^_^_i- Whittaker functions are basic objects of representation theory and in- 
tegrable systems [Ml EH]. One of their properties is that they are eigenfunctions for the 
quantum gl^^^^-Toda chain. As showed by Givental [48], they can also be defined via the 
following integral representation 

^A,,,fe+i)=/ e^^'^^^flfldxk,, (4.1) 



{xi+i^i, Xi+i^e+i} e M^+\ A^+i = {Ai, . . . , A^+i} e C^'+^ and 



e+i / k k-l 



k=l \i=l i=l / k=l i=l 

Note e~'^''°'"* ^^-type decay of the integrand outside a box of size M. 

Remark 4.1.1. Despite notational similarity, these are different than the il^x/^x functions 
which arise in the Fieri formulas. The letter ip is used for both functions so as to be consistent 
with the literature. The Whittaker functions will always be written with both a subscript 
and an argument, while the ip from the Fieri formula appears with only a subscript. 

The Givental integral representation has a recursive structure. The resulting recursive 
formula for the Whittaker functions plays a significant role in estimating bounds on the 
growth of Whittaker functions in the x^j^i variables. It says that 



'^h+Mt+i)= c?^QS+r^fe+i.^)^A,(x^), (4.2) 
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where we have a base case Q]^^{xi^i) = e''^^^^'^ and for i > 



i=l 



or . 



The operator Qx^^^ is known of as a Baxter operat 
Orthogonality and completeness relations 

The Whittaker functions have many remarkable properties. Let us note the orthogonality 
and completeness relations which can be found in [901 1102] or [15] Theorem 2.1: For any 

£ > and X^+i,Xe+i,Xe+i,yi^^ e 

I JI^,{x,^i)^x,^Sx,^i)dx,^^= , ^ — T 5^ 5(Vi-^(Am))' 
where the Skylanin measure ?7i£+i(A^_,_i) is defined by 



(27r)^+i(£+l)!llr(a.-a,)- 

These identities should be understood in a weak sense and show that the transform de- 
fined by integration against Whittaker functions is an isometry from L^(M^+^, (ia^_,_^) to 
L^'*^'"(M^"'"^, m^+i(iA^_,_^) where the sym implies that functions are invariant in permuting 
their entries. 

Mellin Barnes integral representation and recursion 

There exists a dual integral representation to that of Givental which was discovered in [61] and 
goes by the name of a Mellin Barnes representation. Following [13] (g- Whittaker functions 
also have an analogous representation [1?]) we have 

= / n " " '''■;-"^ e-saE;:;(v.-A..-,..... ^ d^,, 

\L.^n,s l'^n,p) l<j<n<i 

(4.4) 

where the domain of integration S is defined by the conditions maxjjlmAfcj} < minm{IniAfc+i,m} 
for all k = 1, . . . ,i. Recall that we assumed Xn,j = for j > n. 

The Mellin Barnes integral representation has a recursive structure. The resulting recur- 
sive formula for the Whittaker functions plays a significant role in estimating bounds for the 
growth of Whittaker functions in the A^_,_^ indices: 

i^x,^Mi+i)= / Qxt;r'(Am.A^)V^A,(ai,)m,(A,) J]c/A,,,-, (4.5) 
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where we have for i > 1 

e. e+i 

k=l m=l 

and where the domain of integration Se is defined by the conditions maXj{ImAf j } < minm{IniA£+i^m}- 
The operator Q^^^^~^^ is known of as a dual Baxter operator . 

Controlled decay of Whittaker functions 

Definition 4.1.2. For Xj^i G M.^^^ define the set-valued function 

= {?€{!,...,£}: xt+i^i - xt+i^i+i < 0}. 



Proposition 4.1.3. Fix £ > 0. Then for each a C {1, . . . , there exists a polynomial Rg+i^a 
of £ + 1 variables such that for all e M^+^ and for all x^j^^ with a{x^j^i) = a we have the 
following estimate: 

The idea here is that double exponentials serve as softened versions of indicator functions. 
If the double exponentials were replaced by indicator functions, and if the A were set to zero, 
then the integral (14. ip could easily be evaluated and found equal to a constant times the 
Vandermonde determinant of the vector x^_^_i when the vector entries are ordered, and zero 
otherwise. This is certainly of the type of bound given above. The purpose of the bound 
above is to show that the softening does not greatly change such an upper bound. 

The proof of this Proposition relies on the following. 

Lemma 4.1.4. For all m >0 there exists constants c = c(m) G (0, oo) such that for a < 



xl^e " ^"^""^ < c(m)e 



-e 



Proof. Let x* by the largest x < —1 such that the following inequality holds: > m log \x— 
1| — X. Clearly for x negative enough this will hold, though x* will depend on m. Now split 
the integral between — oo and x* and x* and 0. Observe that when the inequality holds, so 
does > e"m log |x — 1 1 — x (since a < implies e"^ < 1 and log |x — 1 1 is positive on x < 0) 
and hence 



-£-(.o. + x) 





\x\ 


m 


\x 




1 


m 



X 



Therefore the first integral (between — oo and x* < — 1) can be majorized by the integral of 
{e^ which is certainly bounded by a constant time For the second integral, we 

can upper-bound e"*^ by " so that the integral is bounded by that times the integral 
of |x|™ from X* to 0, which is simply a constant depending on m, as desired. □ 
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Proof of Proposition 4- 1-3. The proof of this Lemma is instructive since it underhes the idea 
of the proof of the analogous upper bound in Theorem I4.1.7I We prove this by induction on 
i. The base case is £ = 0. Then ip\ii{^i,i) = e'"'*^'^'^^'^ and it is clear that the proposition's 
claim is satisfied by letting the polynomial be a constant exceeding one. 

Now assume that we have proved the induction up to £ — 1 and we will prove it for £. The 
key here is the recursive formula for the Whittaker functions given in equation (14. 2p . 

Consider Xi_^_i G M^"*"^ and call a = cr{x^^{). We do not, in fact, need to use the double 
exponential decay of the Whittaker function (given by the inductive hypothesis), but rather 
just that its absolute value is bounded by a polynomial of its arguments. Actually, by 
dropping this double exponential term (which is after all bounded by 1) we can expand the 
bounding polynomial into monomials and then factor the integration into one-dimensional 
integrals. These integrals are of the form 

dxi^i{xi^i)"'e . (4.6) 

) 

We must consider separately the case Xi+i^i — x^+i^j+i > and xe+i^i — < 0. The 

first case, where — > 0, corresponds to i ^ o'ixi+i)- We would like to show, 

therefore, that (14. 6 p is bounded by a polynomial. We may split the integral in (14. 6 p into 
three parts: 



/ +/ dx^,i(x£,i)"^exp{-e-(^^+i-^-^^'')}exp{-e-(^^''-^^+i-'+i)}. (4.7) 



On the first integration we bound exp{— e ^e,i)^ by 1. We then perform a change of 

variables x^^i = xe^i — x^+i^j+i and the bound on this integration becomes 



f dxe,i{xi^i + Xi+i^i+i)"" exp{-e ^'''}. 

J —oo 



By expanding this as a polynomial in xe^i we can apply Lemma [4. 1.41 to each term separately 
to see that the first part of (14. 7p is bounded by a polynomial 111 X_£j^-^ cLS desired. The bound 
for the third part goes similarly. For the second part of the integral, we bound both double 
exponential terms by one and then note that the remaining integral is clearly a polynomial. 
Summing up, when X£+i^i — xg+i^i+i > 0, we find a polynomial bound for (14. 6p . as desired. 

We turn to the case X£+i^i — xg+i^i+i < 0, which corresponds to z G cr{xf_^.i). We would 
like to show that in this case, (14. 6 p is bounded by a polynomial times a double exponential 
factor. We can split (14. 6 p into two parts: 

-{xe+i,i+Xi+i.i+i)/2 POO \ 

+ / dx£,i(x£,i)'"exp{-e^(^^+i-'-^^'»)}exp{-e-(^^'»-^^+i-»+i)}. 

' ixi+i,i+xe+i,i+i)/'2j 

(4.8) 

Let us focus on just the first part of the integral, since the second part is analogously bounded. 
On the first part of the integration we bound exp{—e~^^^+^-^~^'^-^^ by one and perform a change 
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of variables xn^i = xe^i — +X£+i,j+i)/2. The result is a bound on that part of the integral 

by 







dx,^^ ( xe,^ + ^^±M^^±M±i ] exp{-e-(^^-+(^^+i--^^+M+i)/2)}. (4.9) 



/- X ■+x \™ 

By expanding the polynomial ( j + j ^t^^q monomials we may apply Lemma 

14.1.41 with a = (x^+i^j — X£+i^j_|_i)/2. The result is that we find that (14. 9 p is bounded by a 
polynomial in x^_^_i times the double exponential factor exp{— e"} with a as above. This, 
however, is exactly the desired bound. 

By combining the results for each monomial of the form of f l4.6p we get the desired bound 
for level i + 1, thus completing the inductive step. □ 

Remark 4.1.5. Fix any compact set D C M^+^. Then for all c < 7r/2 there is a constant C 
such that 

r e+i 

< C'exp <^ -c^ |A^+i,i - A^+ijI 



i<j 



for all Xi_^_^ G D. 



Let us briefly sketch how this is shown. This estimate relies on the recursive version of the 
Mellin Barnes representation for Whittaker functions given in Section 14.1.11 By induction 
on i, and by replacing Gamma functions by their asymptotic exponential behavior, one can 
bound |V'A^_|_j(ai£+i)| in terms of the integral 



/ exp < |A^,i - A^jl - 7r/2 I ^^\>^e,i - >^e+i,j\ - 2^ lA^^j - XeJ j \ JJc?A£,i. 

L i<j \i=l j=l i<j ) ) i=\ 

By studying the critical points of the argument of the exponential, one sees that the integral 
is bounded as desired. 

4.1.2 Whittaker functions as degenerations of q- Whittaker func- 
tions 

In order to relate g- Whittaker functions to classical Whittaker functions we must take certain 
rescalings and limits. 

Definition 4.1.6. We introduce the following scalings: 

q = e~\ Zk = e"''^ pi^k = {i + I - 2k)m{e) + e~'^xt,k, 



Furthermore, define the rescaling of the g- Whittaker function (defined in Section 

13X21) as 
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We are now in a position to state our main result concerning the controlled convergence 
of g-Whittaker functions to Whittaker functions. 

Theorem 4.1.7. For all i > 1 and all G M.^~^^ we have the following: 

1. For each o C {!,...,£} there exists a polynomial Ri+i^a of i + 1 variables (chosen 
independently of u and e) such that for all Xg_^_i with <7{x^_^i) = a (recall the function 
(t(-) from equation \J^.1.2^ ) we have the following estimate: for some c* > 

n exp{-c*e-(-^+^>'--^+^>»+^)/2}. (4.10) 

2. For x_^^^ varying in a compact domain, 'ipt converges (as e goes to zero) uni- 
formly to 

This theorem is proved in Section 14.1.21 and follows a similar, albeit more involved, route 
as the proof of Proposition 14.1.31 for Whittaker functions. Prior to commencing that proof it 
is necessary to record and prove a few precise estimates about asymptotics of g-factorials. 

Remark 4.1.8. In |14] a non-rigorous derivation of a point- wise version of part (2) of the 
above convergence result is given. Through careful considerations of uniformity and tail 
bounds we prove the above theorem. 

Asymptotics and bounds on a certain q-Pochhammer symbol 

Recall that we have defined ^(e) = — \ log m(e) = — [e"-*^ loge], q = and fa{y, e) = 
(g; q)e-'^ya.i, where ya,e = y + €am{e). Throughout this section we will always assume that y 
is such that e~^ya,e is a nonnegative integer. 

Proposition 4.1.9. Assume a > 1, then for all y such that e'^y^^e is a nonnegative integer, 

log f^{y, e) - ^(e) > -c + e-'e-y-'% (4.11) 

where c = c(e) > is independent of all variables besides e and can be taken to go to zero 
with e. 

On the other hand for all b* < 1 and for all y such that e'^y^^e is a nonnegative integer, 
log fa{y, e) - A{e) - e-'e-^'+y^-^ < c + e-(^+2'-^) + (6*)-^e"i ^ , (4.12) 

r=2 

where c = c{ya,e) < C for C < oo fixed and independent of all variables, and where c{ya,e) 
can be taken as going to zero as ya.e increases. 

The following is then an immediate consequence of combining the above asymptotics: 
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Corollary 4.1.10. Assume a > 1, then for any M > and any 6 > 0, there exists eo > 
such that for all e < eo and all y > —M such that e~^ya,e is a nonnegative integer, 



\ogf^{y,e)-A{e)-e^-'e-y G [-6,6]. (4.13) 



Proof of Proposition \4-l-9[ Let us first introduce the plan of this proof. There are three 
steps. In the first step we consider log/a(y,e) as y goes to infinity and compute its limit. 
In the second step we take the derivative of this expression in y and notice that this is a 
much more manageable series (the logarithms disappear) so that we can approximate it to 
any degree of accuracy we need. Finally, in the third step, we write out the bounds from 
below and above and integrate them to obtain the claimed estimates. 

Step 1: First observe that for any fixed e, lim^^oo log /«(?/, e) exists and (by dominated 
convergence) is given by 

oo / —re \ oo oo ^ oo 

r=l ^ ^ n=l r=l n=l 

We may say even more. 

Lemma 4.1.11. For all a > 1 and all 6 > there exists eo > such that for all e < eo 

limlog/„(y,e)-A(e)G[-<5,0] (4.15) 

Proof. The Dedekind eta function 

oo 

ry(r) = eT^ J](l-e2™-) 

n=l 

has the modular property that 
Taking r = tt^ we have 



lim /„(y, e) = V27re-ie-'#^" 11(1 " 

This implies that 



1/— >oo 

n=l 



hm log /„(!/, e) = A(e) + log 17(1 - e--'(^-)'"). 

n=l 

All that remains, therefore, is to show that for any 6 we can choose eo such that for all e < eo 

oo 

logn(l-e-^"^'")'")GM,0]. 



n=l 
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The upper bound is clear. For the lower bound we use the following inequality 



logfl - e"") > -\ for a > 0. 



Applying this inequality shows that 



oo 



log TTfl - e-^"'(2^)'") > - , 

n=l n=l ^ \ J J 

which, for e small enough is certainly above —5. □ 
Step 2: Let us first note the identity which holds for g < 1 



log 11(1 - = E iog(i - g") = - E E -^"^ = - E , 

n=l n=l n=l r=l r=l 

Now set q = e"*" and = e~^ya e to obtain 



oo 



l°g/"(^'^) = -E^(T^^j- (4-16) 

Observe that since ?/„,e ^ 0, each term in the summation above is positive. This expression 
becomes more manageable if we differentiate both sides. 

Lemma 4.1.12. For all ya,e > 

^log/.(y,e) = -5:^—3^. (4.17) 



r=l 



Proof. It suffices that for e > fixed and ya,e > 0, we prove that (a) there exists t] > 
such that the right-hand side of fl4.16p is uniformly convergent (in r) in [y^^^ — f],ya,t + ^7], 
(b) each term in the series has a continuous derivative, and (c) the term-wise differentiated 
series given on the right-hand side of equation fl4.17p is also uniformly convergent (in r) in 

It is clear that (b) is true. To prove (a) and (c) consider the tail of the series. Let us 
focus on (a) for the moment. As observed already, the summands in equation fl4.16p are all 
positive. Since e is fixed, assume that we only consider tail terms for which r > [e~'^log2]. 
This means that we can bound 1 — e"'"'^ > 1/2. Therefore it suffices to show the following 
converges uniformly for x varying in [y^^e ~ Vi ya,e + ^7] 

oo 

E ^ \ 1/2 

Since we could choose rj small enough so that e + x > for all x G [ya,t — V^V + VaA it is 
clear that this positive series is bounded above by a convergent geometric series and hence 
is uniformly convergent in r. For (c) a similar logic applies. □ 
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Step 3: We immediately get an upper bound on the derivative of the logarithm 

— log 6) < . (4.18) 

oy e 

This is easy to see since each term of the summation in fl4.17p is positive. This bound comes 
from taking only the r = 1 term and using the inequality 1 — e""^ < a for a > 0. 

In order to get a lower bound on the derivative of the logarithm we must work a little 
harder. Fix b* < 1 and note that there exists an a* > such that 

1 - e"'' > b*a for < a < a*. (4.19) 

Lemma 4.1.13. Define r* = \_€^^a*\ with a* as above. Then 

g- log Uy, e) + e-e-(^+-.^) > -e-(^+-.^) - ^1 - E T^^' ^^.20) 

^ r=2 r=r* + l 



Proof. Start by splitting f l4.17p into three parts as 

d_ 

dy 



log Uv, = - Y, - E (''■'1' 

r=2 r=r*+l 



The first term is controlled by the following bound: 

1 1 



a 1 - 6-°^ 

from which it follows that 



> -1 



e 



For the second term we may apply inequality (14.19^ which gives 



Y- <y—. — <y—. — • (4.22) 

r=2 r=2 r=2 

For the third term we use the fact that 1 — e~" is increasing for a > 0, which gives 

r=r*+l r=r*+l 

Combining these three bounds gives the lemma. □ 

The upper bound of fl4.18p and the lower bound of Lemma 14.1.131 we have shown deal 
with the derivative of log /q,(?/, e). In order to conclude information about log fa{y,e) itself 
we employ the following: 
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Lemma 4.1.14. Consider a G M and yo < oo, and a continuous diff'erentiable function g{y) 
such that limy^oo g{y) exists and equals g°° G M. Then if 

d _ d _ 

(1) < -e or (2) Q^giv) > -e ^ for y > yo 

then (respectively) 

(1) 9{y)>9'^ + e-ya or (2) (^(y) < + e'^ for y > yo- 
Proof. First observe that if h{y) has a hmit at y = oo, then 

^h{x)dx = h°° - h{y). 

Thus if -^h{y) < for all y > yo then also 

h°° - h{y) < 0. 

Applying this and noting that e^^ = ^ (— e~^), we find that by taking h(y) = g(y) — e~^a 
we get (since e~°° = 0) the desired inequality (1). Similarly we derive (2). □ 

Now we can complete the proof of Proposition I4.1.9[ From equation f l4.14p of Step 1 we 
know that a limit exists for log fa{y,e) as y goes to infinity. Thus we may apply case (1) of 
Lemma 14.1.141 and using the lower bound in Lemma 14.1.111 along with the upper bound on 
the derivative given in f l4.18p . we immediately conclude the desired lower bound of equation 

dnn). 

To get the upper bound of equation fl4.12p we apply case (2) of Lemma 14. 1 . 141 and using 
the upper bound in Lemma 14.1.111 along with the lower bound on the derivative given in 
f l4.1.13p . we find that 

log f.{y, e) - A{e) - e~'e-^^^y--^ < e-(^+^-^) + {bT'e-' + 



^—^ r(l — e 

r=2 r=r*+l ^ 



The last summation above can be bounded using the value of r* as 

y 4 7T<Ce- 



(4.24) 



r=r*+l ^ ' 

which is itself bounded by a constant c uniformly in e and ya,e > 0. Moreover, this constant 
can be taken to be going to zero as ya,e increases. Putting this bound back into (I4.24p gives 
equation (I4.14p and hence concludes the proof of Proposition 14.1.91 □ 
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Inductive proof of Theorem 14.1.71 

Let us first explain tlie plan of the proof. Step 1 is to restate in (14.251) the recursion equation 
(13. 8p given the scaling we are now considering. The base case for the inductive proof we give 
is trivially satisfied. Step 2 is to record uniform bounds on the terms in (I4.25p . Here we 
make critical use of Proposition 14.1.91 Finally, Step 3 is to prove the inductive hypothesis. 
To prove the bounds in part (1) of the theorem we can employ the bounds from Step 2 to 
reduce the problem to a similar consideration as in the proof of Proposition 14.1.31 The proof 
of the convergence result in part (2) follows from the inductive hypothesis along with the 
uniformity of the bounds given in Proposition 14.1.91 

Step 1: Let us recall the recursion equation (13. Sp . which can be rewritten (see [H]) as 

e 

i'ljx,^!) = E ^^^y'''^'^'^^^^'^'^'^''^'^^^^^^ (4-25) 



where 



R 

and where 



E = E 

= {xi^i e eZ : -em(e) + x^+i^i+i < Xi^i < em(e) + Xi+i^i} 



i=l 

I 



When £ = 0, we have 



This actually is equal to ">\}vxk^\,\) for all e, hence part (2) of the Theorem is satisfied. 
Moreover, since £ = 0, part (1) is trivially satisfied by taking the polynomial to be a constant 
greater than 1. Therefore we have established the £ = base case of the theorem. The rest 
of the proof is devoted to proving the induction step. 

Step 2: Assume now that we have proved the theorem for £ — 1 and we will show how 
the theorem for I follows. The first step will be to prove that part (1) is satisfied. From the 
inductive hypothesis we have the following bounds which are valid for G R^{xjij^^ and for 
e sufficiently small (here c is a positive constant which varies between lines and h* is arbitrary 
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but strictly bounded above by 1): 



{ ill f ^ 2r-l^-r(x,,,-x,,,+ i) 



i=l \ r=l 



< e^exp|^(-e-(^^+M-.,0_e-K.-.+M+i))|. (4.26) 

The first inequality is directly from part (1) of the theorem, for £ — 1. The second 
inequality relies on the bound given in equation f l4.12p when a = 2. The domain R^{x^_^_j^) 
for corresponds to the condition that ?/2,e > 0. The exact statement of the inequality uses 
the fact that 

for b* < 1 fixed and e small enough; it also uses the fact that e"^*^ < 1. The third inequality 
comes immediately from equation (14.111) . 

Observe that the A*^ term has the potential to become large. This occurs when X£^i — 
approaches the lower bound of its values on the domain Re{x^^i) which corresponds 
to X£^i — Xe^i+i = — 21oge~^. This growth is, however, canceled by the rapid decay of the Q"^ 
term, as we now show: 

Lemma 4.1.15. For G Rei^i^i) (^nd b* close to (though less than) one, there exist con- 
stants c* G (0, 1) and C > such that 

Proof. To prove this lemma we observe that it is enough to prove that for each 1 < i < i — 
(5*)-i 1 < (c* — 1) (^_e~(^'^.i~^*+i.'+i) — e~(^'^+i'»+i~^'^.*+i)) (4.27) 

r=l ^ 

Notice that on the right-hand side we have rearranged the double exponential terms and 
left off the terms e~^^'^+^''^~^^'^'^ and e-(^f,^-^f+i.f'+i). The reason for reducing the lemma to 
(14.271) is that it is now clear that when {xi^i — x^^j+i) is very negative, then so must be one of 
{xi^i - Xi+i^i+i) or {xi+i^i+i - Xi^i+i). 

Let us denote L = xi^i — xi^i+i, then note that the minimal value of L given the domain 
Re (^+1) is L = — 21oge ^. Moreover, note that given a value of L, the right-hand side of 
( 14.27P attains a minimum for {xi^i — X£+i,i+i) and (x^+i^j+i — x^^^+i) both equal L/2 (since 
g-a _|_ ^a-L a^^i^g^ing i^g minimum at a = L/2). Thus in order to show (14.271) it suffices to show 
that for all L > -21oge"^ 



(5r^5:^-^<2(i-c>-/i 



r 

r=l 
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One readily checks that on the domain L > — 21oge~^, the derivative of the right-hand side 
in L exceeds the derivative of the left-hand side in L. Thus it suffices to establish the above 
inequality for L = — 21oge~^ which reduces to 

r=l 

Since the summation is ((2) = 7r^/6 < 2, by choosing b* close to 1 and c* close to zero, the 
above inequality is satisfied, and the lemma follows. □ 

Step 3: We may now prove that given the inductive hypothesis for £ — 1, the theorem 
is satisfied for i. Let us start with part (1) of the theorem. By the recursive formula fl4.25p . 
the triangle inequality and Lemma [4. 1.151 we have 

e 

\i^t^Jx,^i)\ < Yl \QhiA^+i^^)f\i^t,i;iLi)\ (4.28) 

for the constant c* G (0, 1) given in Lemma [4.1.151 From the inductive hypothesis, \il'l^{xe)\ 
is bounded by a polynomial in times a collection of double exponential terms. The double 
exponential terms are bounded by 1, so let us bound by just a polynomial. Splitting 

that polynomial into monomials and using the bound given in f l4.26p for Q*^ we find that the 
summation in (14.281) factors into a product of terms like 

eixi^i)"" exp{-c*e-(^*+i-»-^^'')} exp{-c*e-(^^''-^^+i''+i)}, 

where m G Z>o. 

This summation can be bounded by the integral it converges to which is 

/oo 
tia;f,i(a;^,i)"'exp{-c*e-(^^+i''-^^'')}exp{-c*e-(^*''-^^+^''+i)}. 
-oo 

Using the exact same argument as in the inductive step in the proof of Proposition I4.1.3[ 
we can now complete the proof of part (1) of the theorem by bounding this integral, and 
then recombining all of the monomial terms. The only change between that proof and this 
is the factor of c* in the exponential. However, as one readily seems from Lemma I4.1.4[ this 
factor just carries through to the final formula and accounts for the c* in fl4.10p . 

We turn now to proving part (2) in this inductive step. Fix a compact domain -D^+i in 
which a^_,_^ may vary. We wish to show that on -D^+i, 'ipl^^_^ixe^i) converges uniformly as e 
goes to zero and x^^^ is varied in D to 'ipu^.^j^ixi+i) ■ By Lemma [4.1.15^ for any fixed r] > 
we can find a compact domain Di for the variables, outside of which the summation in 
equation (14.250 is bounded in absolute value by r], uniformly over a^_,_^ varying in Z^^+i. 

On the domain Di we have uniform convergence of the summand of (I4.25P to the analogous 
integrand of equation (14. 2p . This can be seen by combining the inductive hypothesis for i — 1 
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and equation fl4.13p of Corollary 14. l.lOi It follows then that the Riemann sum of the summand 
of (I4.25P over the domain Di converges to the integral over the domain Di in the recursive 
formula for the Whittaker functions, given in equation f l4.2p . Moreover, this convergence is 
uniform as Xf^j^^ G -Df+i- 

All that remains to finish the proof is to note that by Proposition I4.1.3[ by taking Di 
large enough we can ensure an upper bound of r] on the absolute value of the contribution of 
the integral in (14.21) outside of D^. Moreover, this upper bound is uniform over a^_,_^ G -D^+i. 
Since 77 was arbitrary, this completes the inductive step for uniform convergence, and hence 
completes the proof of Theorem 14.1.71 

4.1.3 Weak convergence to the Whittaker process 

We start by defining the Whittaker process and measure as introduced and first studied by 
O'Connell [77] in relation to the image of the O'Connell-Yor semi-discrete directed polymer 
under a continuous version of the tropical Robinson-Schensted-Knuth correspondence (see 
Section [572]) . 

Definition 4.1.16. For any r > set 

Or{xN)= [ ^.^(x^)e-"^^-^"^'/'m;vK)f^i^7v (4-29) 

For any A^-tuple a = (ai, . . . ,ajv) G and r > 0, define the Whittaker process as a 

JV(JV+1) 

measure on M 2 with density function (with respect to the Lebesgue measure) given by 

'^ia■,r){{Tk,^}l<^<k<N) = C'^^^'^V^ expiT^T)) OAT^,!, ■ ■ ■.Tn,n)- (4.30) 

The nonnegativity of the density follows from definitions. Integrating over the variables j 
with k < N yields the following Whittaker measure with density function given by 

WM^a;r){{TNAl<i<N) = e"" ^^^^ '^^'/'^.a (T^,l , • • • , T^,7v) ^r(T^,l, • • • ,T^,7v). (4.31) 



The Whittaker measure is a probability measure 

It is not clear, a priori, that these measures integrate to 1, however we have the following: 
Proposition 4.1.17. FixN>l. For all a = {ai, . . . ,aN) e , 

/ WM(^a;r)ix^)dx^ = 1- 
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Proof. Formally this fact follows immediately by applying the orthogonality relations for 
Whittaker functions given in Section I4.1.1I That relation, however, is only necessarily true 
when the index, here written as ta is purely real. Thus, in order to justify this identity for 
indices (ai, . . . ,aN) not all identically 0, we must perform an analytic continuation of the 
orthogonality relation (when = this continuation is not needed and the result follows 
immediately). This analytic continuation relies on a Paley-Weiner type super-exponential 
decay estimate for Or{x_^) which is given in Proposition 14. 1 . 191 

A less direct proof that the Whittaker measure integrates to 1 comes from the fact that 
the Whittaker process / measure arise as the law of the image of a directed polymer model 
(studied in [77]) under a continuous version of the tropical Robinson-Schensted-Knuth cor- 
respondence (see Remark I5.2.4p . 

For the direct proof we now give, define a function 

/(ai, . . . ,aAr) = / e~''^o-^°-V'^il),a{x^)6T{x^)dxj^ 

for (ai, . . . , Cat) G C^. When restricted to the complex axes (ai, . . . , a^) G lR'^ , the orthog- 
onality of Whittaker functions readily implies that 



/(ai, . . . ,aAr) = 1 for (ai, . . . ,aAr) e d 



We wish to analytically continue this result to all of and hence show that / is everywhere 
identically 1. This requires us to show that /(ai, . . . , qn) is analytic. The Whittaker function 
i^iaixj^) is known to be entire with respect to its index (see the discussion in [7^) as well as 
continuous in its variable. On account of this, analyticity of /(ai, . . . , qn) will follow if we 
can show that for any compact region A C and any e > 0, there exists a compact region 
X G such that 

f e-^Sf-i'^?/2^,„(x^)^.(x^) dxj,<e (4.32) 

for all (ai, . . . , a^v) G A. 

This claim relies on two pieces. The first is a lemma about the growth of Whittaker 
functions with imaginary index and the second (a more sizable result) is about the super- 
exponential decay of 6^. 

Lemma 4.1.18. For any positive real numbers yi, . . . ,yN there exist cq, Cq > such that 
|V'.„...,.^(a^i, ■■■,Xm)\< Coe^°^"- l^^l for all v, : |Im(i.,)| < y,, j = 1, . . . , iV. 

Proof. This follows easily by induction from the Givental recursive formula (14. 2 p for the 
Whittaker functions. □ 

The second estimate is given by the following: 

Proposition 4.1.19. Fix N > 1. For any constant R > 0, there exists a constant C > 
such that for all Xjy G M^, 
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By combining this proposition with the above lemma we see that by choosing R to exceed 
the Co, we can ensure exponential decay in (xi, . . . ,xn) and hence prove the bound ( I4.32p . 
This completes the proof of analyticity of /(ai, . . . , a^) and hence by analytic continuation, 
/(ai, . . . , a^) = 1 for all (ai, . . . , cat) G as desired. 

All that remains, therefore, is to prove Proposition I4.1.19I 



Proof of Proposition \4-l- The case of = 1 is standard, yet instructive. In this case. 



= e~^'^^ and is just l/(27r). The idea now is to shift the contour of integration in 
f l4.29p from M to M + ty. This is justified by Cauchy's theorem and the fact that the integrand 
decays suitably fast along every horizontal contour. Changing variables to absorb this shift 
into X yields 

Q^r^\ ^ j ^-ivx^yx^-TV^/2^-Tiyv^Ty'^/2'^ ^ f-Lvx^-Tv'^/2^-TLyv'^ 



2vr 27r 

Since the final integral above is bounded in absolute value by a constant, this yields the 
inequality 

where > depends on y. By taking y = R when x < and y = —R when a; > 0, we 
arrive at the claimed inequality of the proposition. 

The case of > 2 is more subtle and relies on a series expansion for the Whittaker 
function. We work out the calculation explicitly for N = 2. For general A^ > 2 a similar 
series expansion into fundamental Whittaker functions exists (combining [M] and [TS]) for 
which the argument presented below can readily be adapted. 

In the case N = 2 the Whittaker functions can be expressed explicitly in terms of the 
Bessel-K function (sometimes also called the Macdonald function - not to be confused with 
the Macdonald symmetric function): 

i^.uuA^uX2) = 2e^"^^^^A;,,(2e"^^/2) 

where 

Kl = I/l + I/2, K2 = I/i-Z/2, yi=Xi+X2, y2 = Xi-X2, 

and the Bessel-K function is given by 

f oo 



Kv{z) = \j^ e^'' exp (-^(e^ + e"^)) dx. 



Thus we can write 



er{x^.X2)= [ 2e^--i^..,(2e--/^)e-i('^?+'^i)-l-^--^l (4.33) 

Jr2 (27r)^2! T{lk2)T{-lk2) 2 



This double integral factors as 
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We may compute the first integral as 



Turning to the second integral, let us call 



Jr 



2/2/2- 



K2 sinh(7rK2) dK2 
. 

TT 271 



If we can show that for any R > 0, \F2{y2)\ < exp{—R\y2\) then Proposition 14.1.19] will 
be proved. This is because we already know (from the above computation) that < 
exp{—R\yi\) for all R > 0. The claimed result of the proposition follows by the triangle 
inequality {\yi\ + \y2\ > \xi\ + |a;2|) and the relation \9r{x)\ = \Fi{yi)\\F2{y2)\- 

In order to show \F2{y2)\ < exp{—R\y2\) we should consider two cases: (1) when y2 < 0, 
and (2) when y2 > 0. In case (1) we use the uniform asymptotics that as 2; — ?■ 00, for all 

\KUz)\ ~ ^/^ze-\ 

The exponential decay is the important part here and we can bound the right-hand side 
above by Ce~'^^ for some C > and any c < 1. This allows us to show that for t/2 < 0, 

2ce-a2/2 f _r^2K2 sinh(7rK2) C?K2 



2ti 



The remaining integral is independent of y2 and clearly converges due to the Gaussian decay 
in 1^2 ■ Thus, for 1/2 < 

\F2{y2)\<C'e-'--''''\ 

It is clear that this double exponential decay can be bounded by exponential decay to any 
order i?, at the cost of prefactor constant to account for y^ near 0. This completes the desired 
estimate in case (1). 

Turning to case (2), where 1/2 > 0, we will first utilize the fact that the Bessel-K function 
can be rewritten as a Bessel-I function in such a way as to cancel the sinh term. This 
expansion and cancelation is important and a similar phenomena occurs for general N > 2 
|78] . In particular 

^v[z) = — — 

2 sm(7rt>j 

where the Bessel-I function has the following convergent Taylor series expansion around z = 0. 

{z^/AY 



h{z) = {z/2rYl 



Plugging this in (and absorbing numerical constants as c) 

/oo 
■00 
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We wish to cut the series expansion for Bessel-I at a particular level t and estimate the 
remainder term. 

Use the Gamma functional equation to rewrite this as 



V{v + l) j^^l\{y + l)---{y + 



where (f + 1) ■ ■ ■ (f + £) for ^ = is just interpreted as 1. For all z G M and v G lM. it follows 
that 



for the constant C{1*) depending on I* but independent of z and v. 
Thus we can show that 

|i^2(y2)| </ + // + ///, 



where 



£=0 



-y2i 



dK,2 



i\T{-LK2+i+l) 

/oo 
■oo 

Note that III contains the remainder term estimate from both the /_iK2 and 1^^,^ terms, with 
z = 2e-s'2/2. 

It remains to show that each of these terms can be bounded by Ce'^l^'^l for y2 > 
and C depending on R but not on y2. As noted before, this will complete the proof of the 
proposition. Consider III first. By taking i* + 1 > R the desired bound III < Ce~^^^ 
immediately follows. I and II can be dealt with in the same manner, thus let us just consider 
I. We will bound each term in I separately and call them J^. Recall that l/r{w) is an entire 
function in w. It follows from Cauchy's theorem and the Gaussian decay of the integrand, 
that for any 6 G M, 



-y2i 



-dK': 



miK2 + i + r 



ilT{LK2+i+l 

The shift by tb of the contour can be removed via a change of variables which yields 



dn-? 



£!r(i(«2 + ifo) + ^ + i 



-dK2 
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Take b = —2R and bound the integral above as 

< r e-i-iei^V2 + &l7^^7 ^ rrdn^ < C 

' U\\T{i{K2 + ib)+£+l)\ 

where we have used e~^^^ < 1 since 1/2 > 0, and where the constant C is thus independent of 
y2. This means that for ^2 > 

which is exactly as necessary. This estimate can be made for each term in I and likewise for 
each term in II and hence completes the proof of Proposition 14. 1.191 □ 

As we have proved Proposition 14.1.191 above, the proof of Proposition 14.1.171 is also com- 
pleted. □ 



Weak convergence statement and proof 
Theorem 4.1.20. In the limit regime 

q = e-% 7 = re"^ Ak = e''''^ I < k < N , 

Xf = re^2 _(/, + !_ 2j)e-i bg e + Tk,je-\ 1 < j < k < N, 

the q-Whittaker process Wlasc,t=o{Ai, . . . , A^; p) with t = and a Plancherel specialization p 
determined by 7 (and ai, f3i = for all i > 0) as in equation Ii2.23\) . weakly converges, as 
e — 7- 0, to the Whittaker process ^(a,T){{Tk,i}i<i<k<N) ■ 

Remark 4.1.21. The g- Whittaker process induces a measure on {Tk,j}i<j<k<N through the 
scalings given above. It is this measure which has a limit as e goes to zero. 

Proof. Recall definition fl2.3ip which says 

,^ . w,(i) .(N)^ P\w{Ai)P^(2)/xwiA2) ■ ■ ■ Pxm/x(N-i){AN)Qxw{p) 
J-Vlasc,t=0l^l, • • • , ^N] PJlA' ' = — — r . 

n(yli, . . .,An;p) 

(4.34) 

It suffices to control the convergence for {T^^i} varying in any given compact set. This is 
due to the positivity of the measure and because we can see independently that the limiting 
expression integrates to 1. However, since we wish to prove weak convergence of this measure 
to the limiting measure, it is crucial that all of our estimates (with respect to convergence as 
e goes to zero) are suitably uniform over the given compact set. As such, for the rest of the 
proof fix a compact set for the {T^ j}. 

We consider the right-hand side of equation fl4.34p in three lemmas which, when combined, 
prove the theorem: (1) The product of skew Macdonald polynomials P\/fi, (2) The 11 factor in 
the denominator, (3) The Q Macdonald symmetric function. The first of these lemmas relies 
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on the asymptotics developed in Proposition I4.1.9[ the second is simply a matter of Taylor 
approximation. The third lemma is more involved and employs the torus scalar product. 
The full strength of Theorem 14.1.71 is utilized in the proof of this third lemma. 

Before commencing the proof, let us recall the notation introduced in Section l4.1.2t A{e) = 
~T7~|log^ = where ya,e = y + eam{e), and m(e) = -[e'Moge]. 

Let us start by considering the skew Macdonald polynomials with t = 0. 

Lemma 4.1.22. Fix any compact subset D C ]R^(^+^)/2. Then 

(4.35) 

where the o(l) error goes uniformly (with respect to {Tk,i}i<i<k<N E D) to zero as e goes to 
zero. 

Proof. From equation fl2.17p we have that when restricted to one variable, Px/f_i{A) = ^x/tiA^'^~^^, 
with ipx/^ as in Lemma [3.3.11 From that we may express 

Now observe that given the scalings we have chosen, we have 

(i+i) .(i+i) 



Noting that 



|A(^+^)-AW| = re-2 + e-^('x:T,+M-ET,, ,, 

\i=l i=l 

Q')a(^+i)„a(^+i) = /2(^£+i,i — e), 

i i 

it follows from the estimates of Corollary 14.1. 101 and scalings of the Ai that we may rewrite 
equation (14.361) as 

' e+i t 



Pa(^+i)/a(^)(^£+i) = 6-^-^(^)6-^''™^+^ exp <^ -a,+i J^T.+i, - J^T,, 

I \'t=l i=l 

re I \ 

S - X] exp{T£,i - T^+i,i} - ^ exp{T£+i^i+i - T^^^} \ e°^^^ 

\ i=\ i=\ ) 



X exp 
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where the o(l) error goes uniformly (with respect to {Tk,i}i<i<k<N ^ D) to zero as e goes to 
zero. 

Applying this to each of the skew Macdonald polynomials we arrive at the claimed result. 

□ 

Now turn to the 11 factor. 
Lemma 4.1.23. We have 

U{A,,...,Ar,;p) = (e^^-^— ^-EL.'^.) e-Ef..</2,o(i) 

where the o(l) error goes to zero as e goes to zero. 

Proof. Observe that by the definition of 11 and A, and simple Taylor approximation 

N 
k=l 

□ 

Finally turn to the Qxw (p) factor. 
Lemma 4.1.24. Fix any compact subset D C ]R^(^+i)/2. Then 

^ . . _ / (iV-l)(iV^2) 2 iV(iV+l)\ 

where the o(l) error goes uniformly (with respect to {Tk^i}i<i<k<N ^ D) to zero as e goes to 
zero. 

Proof. We employ the torus scalar product (see Section I2.1.5P with respect to which the 
Macdonald polynomials are orthogonal (we keep i = 0): 

(/> 9)'n = / f{z)g{z)m''^{z) JJ m%{z) = ^ H^^^^j'^' 

Note that taking t = in equation (12. 8p yields 

N-l 
i=l 

Recalling the definition of 11 from equation (I2.27P we may write 

<5a(p) = /p p \/ (^(^1' ■■■,zn; p), P\{zi, zn))^- 
Let us break up the study of the asymptotics of Q into a few steps. 
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Step 1: We show that 

where the o(l) error goes (with respect to {Tk,i}i<i<k<N G D) to zero as e goes to zero. 
Since 

^ - + 1 = -2e-' loge + (T^, - T^,+i)e-i + 1 
and q = we find that 

Now consider (taking b = e^^''+i~^^'*+'') 

oo oo 

log(g^^"^-^'+^+^ qU = \ogie% e-^oo = J2\og{l-e%e-'^) = -J^ (^'^^"'^ + ^ i^'b'e-''^)) , 

k=0 k=0 

where the last approximation is vahd uniformly for b bounded (as is our case). Thus, summing 
the geometric series, we find that 

log(g^'"*-^'+^+^ qU = -^'^Y^ - O {^^'b^Y^) = ''^ + 

Since \og{{P^(N),Px{N))'j^) = ^f^^^og{q^^^ (l)oo, the desired result immediately fol- 

lows. 

The next three steps deal with the convergence of the integrand of the torus scalar product, 
and then the convergence of the integral itself. We introduce the change of variables zj = 

Step 2: Fix a compact subset V C M^. Then 

n(^„ . . . , p) = Ene--^-^^^/^e°W, En = e^^-^e^"^'^-^ 

and 

,T\ N(N-l) (]V-l)(JV+2) N _i v^JV 

P,(^,(^i,...,2Ar) = Ep7/.,,„„,,^(T^,i,...,TAr,^)e°«, Ep = e —e ^ "^(^^e^^ 

where the o(l) error goes uniformly (with respect to {Tk^i}i<i<k<N G D and {i^.j}i<.j<Ar G V) 
to zero as e goes to zero. 

The n asymptotics follows just as in the proof of Lemma 14.1.231 For Px(n){zi, . . . , Z]\r), 
using the shift property of equation (12. 4 p for Laurent Macdonald polynomials we may remove 
the 7 factor out of each term of A*-^-* at the cost of introducing the prefactor of {zi - ■ ■ z^)"' = 
e^^ ^'■T,k=i'^k_ Theorem 14.1.71 applies to Px(iv)_(^^ .^^(zi, . . . ,zn) and allows us to deduce the 
uniform estimate above (recall Macdonald symmetric functions with t = are g-Whittaker 
functions with variable and index switched). 

Step 3: Fix a compact subset V C M^. Then 

N , N 

m%{z) n — = EM{KN)Ud'^^e"^'^, = e''\^^^-'^^^^\ (4.37) 

1=1 1=1 
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where the o(l) error goes uniformly (with respect to {iyi}i<i<N £ V) to zero as e goes to zero. 

Set X = L{uj — z/j), so that = ZiZj'^ . Then recaUing the g-gamma function defined in 
equation (13. 3p . we find that the left-hand side of equation (14.371) equals 



(27r)^iV! 



n 



(g; <i)c 



N 



Wdvi. 



i=l 



Note that the term L{vj — Vi) can be removed from the exponent of (1 — q) due to cancelation 
over the full product i ^ j. Also note that {q;q)oo = e-^^^''e°^^\ Lastly, recall that Tg 
converges to F as e — ?■ uniformly on compact sets bounded from {0,-1,...}. Combine 
these observations we recover the right-hand side of equation (14.371) . 
Step 4: We have 



N 



o{l) 



(4.38) 

where the o(l) error goes uniformly (with respect to {Tk,i}i<i<k<N G D) to zero as e goes to 
zero. 

Steps 2 and 3 readily show that the integrand of the scalar product on the left-hand side 
of equation (I4.38P converges to the integrand of Or on the right-hand side times EnEpEm 
(recall that we must take the complex conjugate of Pa and hence also Ep). These three terms 
combine to equal the prefactor of Or above. This convergence, however, is only on compact 
sets of the integrand variables v. In order to conclude convergence of the integrals we must 
show suitable tail decay for large u. 

In particular, we need to show that if we define 



V, 



then 



M 



lim lim 



{(zi, . . . , 2^) : VI < A; < iV, Zfc = e''^'= and \uk\> M} 
n(zi. 



N 



Zn) 'm'j^iz) 1^ dz; 



Er 



'i^&Vm -^n Ep 

with the limits uniform with respect to {Tk,i}i<i<k<N G D. 



E„ 



1=1 



(4.39) 



First consider 



U{zi,...,zm;p) 



En 



. For X G [— 7r,7r], cos(x) — 1 < —x'^/Q (this is not sharp but 



will do). This shows that 



Re(e 



1) = cos(ez/fc) — 1 < — e 



for Uk G [— e ^7r,e ^vr] (which are the bounds of integration in Uk). This implies that for all 



i^k G [-e V,e V] 



Turning now to 



Er 



(4.40) 



Ep 



we see that by applying the first part of Theorem I4.1.7t 



this term can be bounded by a constant, uniformly with respect to {Tk^i} 



l<i<k<N 



G D. 



100 



Finally, consider 



En 



N 

n 

j=i 



dzi 




^(l-g)e-^(^)(g;g) 



n 



N 



The prefactors are independent of u and we have already determined that they go to 1 
suitably as e goes to zero. Thus we can focus entirely on the term 



'^q(L(Uj-Vi)) 

the fact that there exist constant c, c' such that for all a G [— 27re^^, 27re~^], 



. For this we use 



1 



Tq{La) 



< ce 



/pC|a| 



(4.41) 



From this inequality, it follows that on the whole domain of integration for the Uk G [— e ^tt, e ^tt] 
we may bound this part of the integrand by 



1 



This growth bound can be compared to the decay bound of equation (14.401) . There exists 
an Mo > and c" > such that for all M > Mq, for i/ G -Dm 



N 



N 



.1 



k=l 



k=l 



Therefore, on this domain, we have been able to bound our integrand by a constant times 
e~'^ ^k^^'^k. Moreover, this bound is uniform in e small enough and in {Tk,i}i<i<k<N G D. 
Thus we can take e to zero and we are left with an integral which has Gaussian decay in 
the z/fc. Therefore, as M — > oo, the integrand goes to zero as desired, thus proving equation 
(I4.39P and completing this step of the proof and hence the proof of Lemma 14.1.241 □ 

Having proved Lemmas I4.1.22[ 14.1.231 and 14.1.241 we can combine the three factors along 

iV(iV+l) 

with a Jacobian factor of e 2 which comes from our rescaling of the g-Whittaker process. 
Combining these factors, and noting both the cancelation of the prefactors and uniformity 
of the convergence of each term, we find our desired limit and thus conclude the proof of 
Theorem 14.1.201 □ 



Whittaker 2d-growth model 

Definition 4.1.25. Fix iV > 1, and a = {ai,...,aN) G M^. The Whittaker 2d-growth 
model with drift a is a continuous time Markov diffusion process T(r) = {Tkj{T)}i<j<k<N 
with state space M^(^+i)/2 and r representing time, which is given by the following system of 
stochastic (ordinary) differential equations: Let {Wkj}i<j<k<N be a collection of independent 
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standard one- dimensional Brownian motions. The evolution of T is defined recursively by 
dTi^i = dWi^i + aidt and for A; = 2, . . . , A^, 

dTfc,! = dWk,i + (flfc + e^'=-i-i^^^-i) dt 

dTk,2 = dWk,2 + (ofc + e^'^-'''^^"-' - e^^.2-Tfe_i,i) 

dTk,k-i = dWk,k-i + [dk + e^'=-i''=-i-^'=''=-i - (J'k,k-i-Tk-i,u-2^^ (If 

The Whittaker 2d-growth model coincides with "symmetric dynamics" of [77] Section 9. 

Theorem 4.1.26. Fix N > 1, and a = [ai, . . . ,aN) G M^. Consider the q-Whittaker 
2d-growth model with drifts {Ai, . . . ,An) ( Definition \3. 3. 3)) initialized with \^^^ = for all 
^ ^ j ^ k < N . Let Xf^\T) represent the value at time r > of X^p . For e > set 

q = e-% Ak = e-'"",! <k<N, Af V) = Te-'^-{k+l-2j)e'^ loge+Tfcj(r)e-\ 1 < j < k < N. 

Then, for each < 5 < t, T(-) = {Tkj{-)}i<j<k<N converges in the topology ofC{[5, t], 
(i.e., continuous trajectories in the space of triangular arrays M^(^+i)/2 with the uniform 
topology) to the Whittaker 2d-growth model with drift (— ai, . . . , —a^) and the entrance law 
for {Tkj{6)}i<j<k<N given by the density Wi^a^s) {{Tk,j}i<j<k<N) ■ 

Proof. The entrance law follows immediately from the weak convergence of the g- Whittaker 
process to the Whittaker process (i.e., the single time convergence of the 2d-growth processes) 
which is given by Theorem 14.1.201 The convergence of the dynamics of the Markov processes 
follows by induction on the level k and standard methods of stochastic analysis. □ 

Remark 4.1.27. Given the Whittaker 2d-growth model dynamics T(r) with drift (— ai, . . . , —on) 
there are two projections which are themselves (i.e., with respect to their own filtration) 
Markov diffusion processes. It is easy to see that {Tk^k}i<k<N evolves autonomously of the 
other coordinates. This is the continuous space limit of the g-TASEP process. 

A less obvious second case is proved in Section 9 of [77]: The projection onto {7Arj(T)}i<j<Ar 
is a Markov diffusion process with entrance law given by the density WM(a;r) {{TN,j}i<j<N), 
i.e., for X = (xi, . . . , xat) 

WM(,.,)(x) = e"2^.=i«.^^^(x) / ^^A(a;)e-2^.=l^m^(A)ciA. 

The infinitesimal generator for the diffusion is given by 



Aa, (4.42) 



where H is the quantum Ql^^-Toda lattice Hamiltonian 



N-l 
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4.1.4 Integral formulas for the Whittaker process 

By applying the scalings of Theorem 14 . 1 . 2 1 we may deduce integral formulas for the Whittaker 
measure which are analogous to those of Propositions 13.1.31 13.1.51 13.1.61 and 13.1.71 
The limiting form of Proposition 13.1.31 is the following: 

Proposition 4.1.28. For any 1 < r < N , 

/p — (T'iV.JV+Tiv.JV-lH l-Tjv.iV-r+l) \ _ 



^ ' J J i<fc<;<j, j=i \m=l ' 

where the contours include all the poles of the integrand. 

The limiting form of Proposition 13.1.51 is the following: 
Proposition 4.1.29. For any k > 1, 

/p-kTM,N\ 



'"'■^^■^{ai,...,ajv;T) 



^ ' J J i^A^B<k ^ " j=l \m=l 1 ™, 

where the wj-contour contains {wj+i — l, ■ ■ ■ , Wk—l, — ai, ■ ■ ■ , —aN} and no other singularities 
for i = l,...,/c. 

The limiting form of Proposition 13.1.61 can be generalized to the following most general 
moment expectation: 

Proposition 4.1.30. Fix k > I, N > Ni > ■ ■ > N^, and 1 < < for 1 < a < k. 

Then 

k 

(TjVcJVaH ^TiVa,iVa-ra + l) 



n 



e 



»» (ai,...,ajYiT) 

^ > TT ^TTa 2 1 1 TT I TT TT '^a,t Wis J 



w u^-'^f-f n nn 



a=l 

k 

X 



^ ' " a=\ l<a<l3<k \i=l j=l ^'^ 



n n n 



a=l \ \l<i<j<ra / \j= 



\ {Wa,j + ai) ■ ■ ■ {Waj + UnJ 



where the Waj-contour contains — 1} for all i G {l,...,rp} and (3 > a, as well as 

{— ai, . . . , — aTv} and no other singularities. 
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Remark 4.1.31. Since the Whittaker measure is supported on all of M , it is clear that the 
above formulas can not be proved from the weak convergence result of Theorem I4.1.20I One 
could attempt to strengthen that result so as to imply the above formulas via a limiting pro- 
cedure. One can alternatively derive the formulas by developing an analogous (degeneration) 
theory for Whittaker processes as we have done for Macdonald symmetric functions. After 
stating and proving the limit of Proposition 13.1.71 momentarily, we will use this approach to 
prove Proposition 14.1.301 (and hence also 14.1.281 and I4.1.29p . Another rigorous alternative 
to prove the above results is to pursue the method of replicas. In Part [6] we develop this 
replica approach which, among other things, gives an independent check of the formula of 
Proposition 14.1.291 above. 

The methods we develop below in Section 14.1.51 allow us to prove integral formulas for 
joint exponential moments at different times that do not have obvious Macdonald analogs. 
We will just give one of those here. 

Proposition 4.1.32. Fix N > 1 and a = (ai,...,aAr) E M^. Consider the Whittaker 
2d-growth model with drift —a, denoted by T{t) for r > 0. For times Ti < T2 < ■ ■ ■ < Tk, 



„ N k ^ k 

where the wa contour contains only the poles at {w^ — 1} forB > A as well as {— ai, . . . , — otv}, 
and where the expectation is with respect to the growth model evolution. 

Remark 4.1.33. The proofs of Propositions 14.1. "501 and [4.1.321 use spectral representations 
for relevant Markov kernels that were pointed out to us by O'Connell. 

The following Proposition is likely to be a limiting form of Proposition 13.1.71 

Proposition 4.1.34 ([77] Corollary 4.2). For any r E C we have 

„ „ Af N N 

(e-'"'""^) = / ■ ■ ■ / n + ^^.) n e'^^^^-^^e-^'^lmj.iu) J] du, , 

^^-'^(a-t ....,ai\7-:T) J J . . . -. . , 

where the integral is taken over lines parallel to the real axis with Im(^'j) < mm^^^[ai). 

4.1.5 Whittaker difference operators and integral formulas 

The Macdonald operator of rank r with t = is given by (see Section 12.2.31) 

E n n T,Mz^. • • • , ^n) = g^"+-+^"-'-+^p^(^i, . . . , ^.). 

7C{l,...,n} i&I ^ * ie/ 
\I\=r 00 



■ J2i=i TN.Nin) 



(_l)fe(Af-i)eEti^»/2 



(27r.; 
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Take the limit as in Definition 14.1.61 - i.e., 

q = e~', Zk = e''"'\ = {n + 1 - 2k)m{e) + e'^Xk, m(e) = - [e'Moge] 

Under this scahng 

TT^^ = TT^ (-.6-ir(— m^— , 

Zi - Zi J-J- e'^"^ - e'^"^ ^ ' J- J- z/. - z/. ' 

ie/ is/ 46/ ^ 

30 j0 30 

tin+-+liu-r+i ^ g-e((l+3+-+(2r-l)-nr)e-lloge-l+e-i(x„+-+3;„_,.+i)) ^ e ^" ^'^-'■+1 

fr{n—T) ' 



and 

The conclusion is that 
Lemma 4.1.35 (|6l|, 5.3(c)). We have 

E n ^7^^.i....,..+....,..(^) = e----^"-^+^V^.(x). (4.43) 

/C{1, .••,"} «6/ * 
|/|=r 

By orthogonality of Whittaker functions, the following identity holds: 

/ Mx)M^e-^---^"-^+'dx = \ V V5(A-a(z/+.e,)), (4.44) 

-^K" n.m^^Aj ^^^^^ - ^^^^ 

\I\=r 30 

where cj = (lfce/)fc=i,...,n is the vector with ones in the slots of label / and zeros otherwise. 
This identity should be understood in a weak sense, in that it holds when both sides are 
integrated against m„(A)iy(A) for W{X) such that 



decays super-exponentially in x and W{X) is analytic in A in at least a neighborhood of radius 
1 around M". 

Remark 4.1.36. Note that if for m fixed, A = z/ + lc^ then 

^ {2nrn\ H T{lX, - .A,) = (27r)"n!(-l)"-i J] ^(^^^ - ^^.) H ~ 



niniX) ^^h'm — l^P + L' 

^ 11 ,/ _ ,,„_L , ^ 11 



This equality agrees with the fact that if we conjugate both sides of f l4.44p then A and u 
switch places (note that m„(A) and mn{u) are real if we assume that A, G M"). 
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Recall the Baxter operator (14. 3 p Q^^'^ ^ which was defined via its integral kernel 
where x eR^ andy E R^'^. Set 

Also, recall that Givental's integral representation of the Whittaker functions leads to the 
recursive formula 



Q^^^ ^(x, y)ipx{yi, yN-i)dy = ip{x,^,)ixi, ...,xn) 

-1 



where A = (Ai, . . . , Aat-i) and (A, k) = (Ai, . . . , Aat^i, k). By using the orthogonality of 
Whittaker functions we obtain from this 



Qk^^ ^{x,y)= / ilj{b,K){xi,...,XN)^jjb{yu...,yN-i)'mN-i{b)db. 

JM.N--1 

Further utilizing the orthogonality we compute the convolutions as 



QK^,...,K„_,.,{x.y) = / 'iP{b,^r,-k+i,-,'^N)ixu---^XN)Myi^---^yN-k)mN-kib)db, (4.45) 

where x e and y G M^^^'. Also set Q"^^"^{x, y) = 6{x — y) for any m > 1. 

Proof of Proposition \4-l-3(\ Recall that by Theorem 14. 1.26[ T(r) has an entrance law W(a;T). 
The density of the marginal distribution of the Whittaker process ^ {a;T){,{x^}i<j<k<N) re- 
stricted to levels x^^, . . . , x^*" (where N > Ni > N2 > ■ ■ ■ > and x'^'' = (xf^*", . . . , x'^'^^)) 
has the form 



e-5^-^''^V^,„^,(xfS . . . / Mx^^)e-i^^i^'^m^i\)d\ 



V.a^i(x^i)^^'^^i'-'"^^2 + i^^ '-^ > ^^^^^._^(a;^.-i)'^-^.-i.-.-^. + i^-^ '-^ > 

where = (ai, . . . , ajv/)- Note that the term above in the large parentheses is just WM^^jvi.^). 
By canceling ip^a^ factors and using the spectral representation (14.45^ for the Baxter operators, 
we may rewrite this expression as 



X / V^A-2,a,^^„...,a,^(x^0V'A-2(x^^)m^,(A^^)rfA 



N2 



X"k 
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Let us multiply this expression by 

and integrate over all the x- variables using (14.441) . We start the integration with x'^'' , then 
go to x^*"^ and so on. The decay estimate of Proposition 14.1.191 is needed at this place to 
make sure that the integrals converge and that we may apply the identity (14.441) . We obtain 



e 2 



J2 ■■■ e5ll"'^'+^^i+'=^2+-+-/JP (4.46) 



/iC{l,...,Ari} hC{l,...,Nk} 
\h\=ri \Ik\=rk 



jiG{l,...,Ari}\/i ifc6{l,...,JVfc}\4 



Above, the subscript around the parentheses as in (a^^ + e/j + ■ ■ ■ + 64)^^ refers to the ii 
entry of the vector in the parentheses. For a sequence b = {bi, . . . , 6„} and a subset J of its 
indices denote 

Then we may write 

+ + ■ ■ ■ + C/j, 1 1 — ||ct II — 

H h + 2 (|a|4 + |a + e/J^^^ + |a + e/^. + e^.J^..^ H h |a + e/^ + e/^j/J . 

Using the above we may rewrite (I4.46P as 



J2 Yl i e^l'^l^^ (4.47) 

|/fe|=rfc ifee{l,...,Affe}\/fc 

-'fc-lC|l,.--,JVfc-l} «fc-lfc-'fe-l 

|4_i|=rfc_i jk-ie{l,...,Nk-i}\Ik-i 

X--- ^ JJ - pr\a+ei^+-+eiji^ 

/lC{l,...,iVi} ilG/i 

|/l|=ri jiG{l,...,Ni}\h 



(a^i + + ■ ■ ■ + e/J,, - (a^i + e,, + ■ ■ ■ + ejj,-, 



The interior sums over Ij have the exact same structure as the sum over J^. but with k 
replaced by j and the sequence (ai, . . . , aTvJ = o,^^ replaced by + e^.^-^ + ■ ■ ■ + e/^,. 

Lemma 4.1.37. Let f{u) he an analytic function in a sufficiently large neighborhood of 
Xi, . . . ,Xn G C. Then 



fC{l,...,n} idl ^ k&I 

\I\=r ie{l,...,n}\/ 

/I \r(r-l)/2 r r / " 1 \ 



(27ri)''r! 



l<fc<£<r j=l \m=l 
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where the contours for the Wj are such that they only include the poles Wj = Xm for all j,m. 

Proof. This follows by a straightforward computation of residues. If different Wj^s pick the 
same pole Xm, the contribution is zero because of the Vandermonde factor. There are r! ways 
to match {wi, . . . , Wr} to {xjjjg/, thus the 1/r!. □ 

Using this lemma we can compute the inner most sum over Ji in f l4.47p taking n = Ni, 
X = + + ■ ■ ■ + 64, and f{u) = e5". This gives 

( iNri(ri-l)/2 r T ''^ / 1 \ 

I I TT /...(I) ...(i)n2 TT / TT J- \ ™ > 



(27ri)''iri! 



We now want to do the same summation over I2 with n = N2, x = a^^ + 6/3 + ■ — I- e^. Note 
that 

N2 ^ ^ N2 

W — Xr, 



Thus we take 

ri (1) 
-TT ^1-1 U 

62' 



ri (1) 



and obtain 

(_l)n(n-l)/2t.,(,-,-l)/2 J J 



^ ' ^ ^ l</ci<£i<ri l<fc2<-f2<r-2 



xni n nir^n-- — ■ 



r2 / Af2 

X n n TJT^ I n ;r ';r r -'^'^K 

32=1 \m2=l'^j2 ^ma/ ji=l'^ji 













(2) 




(2) 1 



where the w*-^-* contours contain only as poles, while w^^'^ contours also contain the poles 
at points given by w;*^^-* + 1. Iterating this procedure shows that fl4.47p can be rewritten as 

n ' L,w, n nn ■ ' 



a=l \ J a J J ]^<Q,<^<fc Wj i_ 



X 



where the wj"'' contour contains the poles {ai, . . . , Oat^} and also the poles {wl'^^ + 1} for all 
i G {1, . . . r/3} and /3 > a. Proposition 14.1.30] follows by taking w^"^ = —Wa,i- 

□ 
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Proof of Proposition 4- 1-32. The evolution over time r is given by the semi- group (recall 
Definition (02])) 



Since H is diagonalized by {iph\h&.^ with eigenvalues given by Hipi, = (— XljLi can 
write the kernel of the semi-group e^^^ as 

N ,2 



62 (x,i/)= / e 2 2^j=i''j^^(^x)ipb{y)mj^f{b)db. 

We will focus on the case k = 2 (i.e., the two time case) as the general case follows 
similarly. The above considerations show that the two-time distribution for our diffusion is 



Jrn Jrn 

We multiply this expression by e~^'^~^'^ and integrate over x, y G M^. Doing this amounts 
to computing ^e~^»=i^^'^*^'^'-'^ as desired. Using f l4.44p we obtain, by first integrating over y 
then over x (the convergence of the integrals is justified by the decay of Proposition 14. 1 . 1"9|1 . 
that /e-S?=i^~.^(^'A equals 



N N , Af 



LL n« + Ski - (am + km) flfc - Clj 



k,£=lm^£ \ ■ j^j^ 

N N ^ N ^ 

\^ TT - TT ^ ^r^{a,+5,,)^r2a,. 

i^, + - {am + 14 a, - a,- 

^ ^ 1 ii (.n. -n \(...-n \ ' 



where the contour contains {ai, . . . , aA?} and the W\ contour contains {^2 -|- 1, ai, . . . , Oat}. 

□ 



4.1.6 Fredholm determinant formulas for the Whittaker process 

Convergence lemmas 

We introduce two probability lemmas. The first will be useful when we perform asymptotics 
on the Whittaker process Fredholm determinant, whereas the second (proved similarly) will 
be useful presently. 
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Lemma 4.1.38. Consider a sequence of functions {/n}n>i mapping R — t- [0, 1] such that for 
each n, fn{x) is strictly decreasing in x with a limit of 1 at x = — oo and at x = oo, and 
for each 6 > 0, on ]R\ [—5,5] fn converges uniformly to l{x < 0). Define the r-shift of fn as 
fn{x) = fn{x — r). Consider a sequence of random variables X„ such that for each r G M, 

E[/^(X„)]^p(r) 

and assume that p{r) is a continuous probability distribution function. Then Xn converges 
weakly in distribution to a random variable X which is distributed according to P(X < r) = 
p{r). 

Proof. Consider s < t < u. By the conditions on /„ it follows that for all e > there exists 
no > such that for all n > Uq 

E[/^(X„)] - e < P(X„ < t) < E[/„"(X„)] + e. 

The above fact follows from the uniform convergence outside of any fixed interval of the 
origin. By the convergence of E[/^(X„)] — )■ p{s) as n — )■ oo, it follows further that there also 
exists Til > no such that for all n > ni 

p{s) - 2e < P(X„ <t) < p{u) + 2e. 

This implies that 

p{s) - 2e < liminf P(X„ <t) < limsupP(X„ < t) < p{u) + 2e. 

n— >-oo n— >co 

The above is established for arbitrary e and thus 

p{s) < liminf P(X„ < t) < limsupP(X„ < t) < p{u). 

n— >oo n— 5>oo 

The above is also established for arbitrary s < t < u and by taking s and u to t it follows 
that 

lim p{s) < liminf P(X„ < t) < limsupP(X„ <t) < lim p{u). 

s^t^ n— >oo n— >oo m— >t+ 

Since p{-) is continuous it follows that the left and right bounds are identical, hence 

lim P(X, <t)= pit), 

n—>-cxD 

which is exactly as desired. □ 

Lemma 4.1.39. Consider a sequence of functions {/„}n>i mapping R — )■ [0, 1] such that for 
each n, fn{x) is strictly decreasing in x with a limit of 1 at x = — oo and at x = oo, and 
fn converges uniformly on R to f. Define the r-shift of fn as /^(x) = fn{x — r). Consider a 
sequence of random variables Xn converging weakly in distribution to X. Then 

E[/„(X„)] ^ E[/(X)]. 

Proof. Follows from a similar sandwiching approach as above. □ 
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Asymptotics of the q-Whittaker process Fredholm determinant formulas 

Theorem 4.1.40. Fix < ^2 < 1, and 6i < S2/2; also fix ai,...,aN such that \ai\ < 61. 
Then 



-T, 



e-^' =det(/ + KJ 

where det(/ + Ku) is the Fredholm determinant of 

for Ca a positively oriented contour containing ai, . . . ,aN and such that for all v, v' G Ca, 
\v — v'\ < 62. The operator Ku is defined in terms of its integral kernel 

Proof. The proof spHts into two pieces. Step 1: We prove that the left-hand side of equation 
f l3.23p of Theorem 13.2.111 converges to ( e""*^ ^'^ ) . This relies on combining 

Theorem 14.1.201 (which provides weak convergence of the g-Whittaker process to the Whit- 
taker process) with Lemma 14.1.391 and the fact that the g-Laplace transform converges to 
the usual Laplace transform. Step 2: We prove that the Fredholm determinant expression 
coming from the right-hand side of Theorem 13.2.111 converges to the Fredholm determinant 
given in the theorem we are presently proving. This convergence is done via the Fredholm 
expansion and uniformly controlled term by term asymptotics. 
We scale the parameters of Theorem 13.2.111 as 

q = e-\ 7 = re-^ Ak = e"'"*, 1 < A; < iV 

w = q\ ( = -e^e^''\, = re'^ + (A^ - l)e-Mog e + T^e'^ 

Step 1: Rewrite the left-hand side of equation f l3.23p in Theorem 13 . 2 . 1 1 1 as 
1 



(eq,(Xq))j 



(rn>'N-n] I \''9V^9//MMt=o(^i,-,^iv;p) 

where 

= (1 - g)"^Cg^^ = -Me-^^e/(l - q) 

and eq{x) is as in Section [3.1.11 Combine this with the fact that eq{x) — uniformly on 
X G (—00,0) to show that, considered as a function of T^r, eg(xg) — )■ e""*^ uniformly for 
Tat G M. By Theorem 14.1.201 the measure on T/v (induced from the g-Whittaker measure on 
Aat) converges weakly in distribution to the Whittaker measure WM(a^^.,,^aj^;^). Combining 
this weak convergence with the uniform convergence of Cqixq) and Lemma [4.1.391 gives that 



^ e 



(CQ''^'^; 9)00 /MMt^o(^i,-,^iv;p) / WM(„^_...^„j^.^) 
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as g — 7- 1 (i.e., e — )■ 0). 

Step 2: Recall the kernel in the right-hand side of equation (13.23P in Theorem 13.2. Ill It 
can be rewritten as a Fredholm determinant of a kernel in v and v' (recall w = q") as follows 



-1 l*LQC)+8 



where 



where the new term g^'logg came from the Jacobian of changing w to v. 

Let us first demonstrate the point-wise limit before turning to the necessary uniformity 
to prove convergence of the Fredholm determinant. Consider the behavior of each term as 
g — 7- 1 (or equivalently as e — )■ 0): 

log ? _^ 1 



qSqv _ qv v + s 

r,(log„(gVA^)) T{v 



Tg{\ogg{q'q^/Am)) T{s + v-am)' 

e"^"'exp{7g''(g" - 1)} ^ e^rsW/2_ 

Combining these point-wise limits together gives the kernel f l4.48p . However, in order to 
prove convergence of the determinants, or equivalently the Fredholm expansion series, one 
needs more than just point-wise convergence. 

In fact, we require three lemmas to complete the proof: 

Lemma 4.1.41. Fix any compact subset D of the interval lW + 6. Then the following con- 
vergence as g — )■ 1 is uniform over all s E D and v, v' G Ca: 

h\s) ^ r(-s)r(l + s) n ^ (4.49) 

lis + v - am) V + s -v' 

m=l ^ ' 

Proof. This strengthened version of the above point-wise convergence follows from the uni- 
form convergence of the Tg function to the F function on compact regions away from the 
poles, as well as standard Taylor series estimates. □ 

Lemma 4.1.42. There exists a constant C such that for all s E lR + 6, and all g G (1/2, 1) 



^ 1 

Il rr.^,,-. , e--expW-l)} 



m=l ^ 



< c. 
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Proof. Though not exactly, the left-hand side above is very close to a periodic function of 
Im(s) of fundamental domain [— 7re~^, vre"^]. Observe that, as in equation (I4.4ip . 



Us 



< ce" 



where c, c' are positive constants independent of e (or equivalently q) and = dist(Im(s), 27re~^Z) 

The other terms are periodic in s of fundamental domain [— vre"^, vre"^]. In order to 
control their absolute value we look to upper-bound the real part of their logarithm and find 
that for s e tM -f ^2: 

Re [rse-^ + re-2e^™(e-" - 1)) < -Im(s)V2. 

This bound follows from careful Taylor series estimation and the bound that for x G [— vr, vr], 
cos(x) — 1 < —x^/Q. These two bounds shows that 



N 

n , 1 . , e--^exp{7g"(g- - 1)} 



c'ns)-lm{sf/2 



which is easily bounded by a constant for all s. □ 

Lemma 4.1.43. For all q E (1/2,1), lI'C^v^v')] < C for a fixed constant C > and all 
v,v' e Ca- 

Proof. Combine the tail decay estimate of Lemma 14.1.421 with the decay in s (uniform over 
q G (1/2, 1) and v^v' G Ca) of the other terms of the integrand of K'^{v,v'). This shows that 
for any constant C > 0, there exists another constant c > such that for all s, |s| > C we 
have h^^s) < e~'^'*', uniformly over over q G (1/2,1) and v,v' G Ca- By Lemma [4.1.4H for 
s such that |s| < C, there is uniform convergence to the right-hand side of equation fl4.49p . 
Since the right-hand side of equation 04.491) is uniformly bounded in s and v,v' G Ca, it 
follows that h'^{s) is likewise bounded on the compact set of s such that |s| < C. Combining 
this with the decay for large s proves the lemma. □ 

Now combine the lemmas to finish the proof. By Lemma [4. 1.431 and Hadamard's bound, 
in order to proof convergence of the Fredholm expansion of det(/ + K/^) to det(/ -|- Ku), 
it suffices to consider only a finite number of terms in the expansion (as the contribution 
of the later terms can be bounded arbitrarily close to zero by going out far enough in the 
expansion). By the tail bounds of Lemma 14.1.421 along with bounds for the other terms 
(which are uniform in q, v, v') one shows that the integrals in s variables in the Fredholm 
expansion can likewise be restricted to compact sets (as the contribution to the integrals from 
outside these set can be bounded arbitrarily close to zero by choosing large enough compact 
sets). Finally, restricted to compact sets, the uniform convergence result of Lemma 14.1.411 
implies convergence of the remaining (compactly supported) integrals as q goes to 1. This 
completes the proof of convergence of the Fredholm determinants. □ 
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4.1.7 Tracy- Widom asymptotics 

In performing steepest descent analysis on Fredholm determinants, the following proposition 
allows one to deform contours to descent curves. 

Lemma 4.1.44 (Proposition 1 of [98j). Suppose s is a deformation of closed curves 

and a kernel L^t],'!]') is analytic in a neighborhood ofTg x C for each s. Then the 
Fredholm determinant of L acting on Fg is independent of s. 

Definition 4.1.45. The Dig amma function "^{z) = [logF]'(2;). Define for k> 

/. = inf(«:t-vl/(t)), 

and let denote the unique value of t at which the minimum is achieved. Finally, define 
the positive number (scaling parameter) = —"^"(tK)- 

Theorem 4.1.46. There exists a k* > such that for n > n* and r = kN 

ita 'WM,. ( '"'"•"^f'^^" S r) = FouE ((fc/2)-/3,.) . 

Remark 4.1.47. This result should hold for all n* > 0. However there are certain technical 
challenges which must be overcome to get the full set of k. At the level of a critical point 
analysis, the results works equally well for all k* > 0. The challenge comes in proving the 
negligibility of integrals away from the critical point. This is accomplished in [17]. Spohn 
[M] has recently described how the above theorem fits into a general physical KPZ scaling 
theory. 

Proof of Theorem ^. The starting point of our proof is the Fredholm determinant for- 
mula given in Theorem 14.1.401 for the expectation of e"""*^ ^'^ over Whittaker measure 
WM 

(o,...,0;r)- Consider the function /Ar(x) = e and define f^{x) = f]\f{x — r). Observe 

that this sequence of functions meets the criteria of Lemma 14.1.381 Setting 

u = u{N,r, k) = e-^^"-^^'^' 

observe that 

-ue-^N,N _ ( -Tn,N - Nf^ 

By Lemma I4.1.38[ if for each r G M we can prove that 

for Pt^{r) a continuous probability distribution function, then it will follow that 

lim P ( -TNAr)-Nr < \ _ ^ 
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as well. 

In light of the above observations, it remains for us to analyze the asymptotics of the 
Fredholm determinant formula given in Theorem 14.1.401 for the case = 0. The result of 
that theorem is that 

(f'A^^Hw^)) =det(/ + A-„,„„,) 

\ ^ / WM(0,...,0;,) 

where det(/ + Ku(N,r,K)) is the Fredholm determinant of 

for Co a positively oriented contour containing such that for all v,v' G Cq, \v — v'\ < 82 
where 82 is any fixed real number in (0, 1). The operator Ku{N,r,K) is defined in terms of its 
integral kernel via 

1 pLco+52 V(l)\^ „,s VTS+rs'^/2 

K.,....,M ^ - 1^^^^ ..r(-.)r(i + s)^AJ___, ,4.50) 

Let us first provide a critical point derivation of the asymptotics. We will then provide 
the rigorous proof. Besides standard issues of estimation, we must be very careful about 
manipulating contours due to a mine-field of poles (this ultimately leads to our present 
technical limitation that k > k*). 

We start by making a change of variables in the integral defining the kernel Ku(^j\f^r,K)iv, v'). 
Set ( = s + V and rewrite 

(4.51) 

where 

Giz) = \ogT{z)-Kzy2 + f^z 

and where we have also replaced r(— s)r(l + s) = n/ sin(— vrs). The problem is now prime 
for steepest descent analysis of the integral defining the kernel above. 

The idea of steepest descent is to find critical points for the argument of the function 
in the exponential, and then to deform contours so as to go close to the critical point. The 
contours should be engineered such that away from the critical point, the real part of the 
function in the exponential decays and hence as gets large, has negligible contribution. 
This then justifies localizing and rescaling the integration around the critical point. The order 
of the first non-zero derivative (here third order) determines the rescaling in (here A^^'''^) 
which in turn corresponds with the scale of the fluctuations in the problem we are solving. 
It is exactly this third order nature that accounts for the emergence of Airy functions and 
hence the Tracy Widom (GUE) distribution. 

The critical point equation for G is given by G'{z) = where 

G'{z) = <I/{z)-Kz + U 
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The Digamma function "^{z) is given in Definition 14.1.451 as is t^, which clearly satisfies 
G'itK) = and hence is a critical point. We will Taylor expand around this point z = i^- 
Consider the second and third derivatives of G{z): 

G"{z) = ^'{Z)-K 
G'"{z) = 

By the definition of as the argmin of nt — "^{t), it is clear that = 0, and recalling 

the definition of Qk we have that G"'{ti^) = —Qk.. This indicates that near z = t^, 

G{v)-G{0 = -'^^"-'^^\'^^^'''^^' 



6 6 

plus lower order terms. This cubic behavior suggests rescaling around by the change of 
variables 

Clearly the steepest descent contour for v from departs at an angle of 47r/3 whereas the 
contour for ( departs at angle ±27r/3. The ( contour must lie to the right of the v contour 
(so as to avoid the pole from — v')). As goes to infinity, neglecting the contribution 
away from the critical point, the point- wise limit of the kernel becomes 

+ (4.52) 

where the kernel acts on the contour ±47r/3 (oriented from negative imaginary part to positive 
imaginary part) and the integral in ( is on the contour ±27r/3 + S for any 6 > (likewise 
oriented). This is owing to the fact that 

' TT ^ > ^ 



sin(7r(i;-C)) {} - ( C, - v' (-v'' 

where the A^~^/^ comes from the Jacobian associated with the change of variables in v and 
v'. 

Another change of variables to rescale by (g^/^Y^'^ results in 

1 f 1 exp{-vy3 + {gj2y^/hv} dC, 



27ii J v-Cexp |-CV3 + (W2)"'/H} ^ - 



Noting that Re(C — v') > we can linearize 

1 



C - i'' 



e~'^^~''^dt. 



This allows us to factor the kernel into the composition of three operators ABC and by the 
cyclic nature of the Fredholm determinant, det(J + ABC) = det(J + CAB). This reordering 
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allows us to evaluate the Airy integrations and we find the standard form of the Airy kernel. 
This shows that the limiting expectation Pn{r) = Fque ((f?K/2)~'^''^r) which shows that it is a 
continuous probability distribution function and thus Lemma 14.1.381 applies. This completes 
the critical point derivation. 

The challenge now is to rigorously prove that det{I + Ku(^N,r,K)) converges to det{I + Kr^,^) 
where the two operators act on their respective spaces and are defined with respect to the 
kernels above in ( 14.50p and (I4.52p . In fact, everything done above following this convergence 
claim is rigorous. 

We will consider the case where k > k* for k* large enough and perform certain estimates 
given that assumption. Let us record some useful such estimates: 

/. = 2v^ + 0(k-i/2). 
For z close to zero we also have (7 is the Euler Mascheroni constant ~ .577) 

logr(2;) = - logz - 7Z + O(z^) 
= -^ + 0(1). 

Now consider replacing z = k~^^'^z: 

G{z) - GiQ = \ogT{z) - Kzy2 + K^lHz - logr(t,) + Ki'jl - /J, + 0(«:-^)(4.53) 
= /(5)+7k-i/2(1-5) + 0(k-1), (4.54) 

where the error is uniform for z in any compact domain and 

/(z) = - log 5 -zV2 + 2^-3/2. 

Our approach will be as follows: Step 1: We will deform the contour Co on which v and 
v' are integrated as well as the contour on which C, is integrated so that they both locally 
follow the steepest descent curve for ^(z) coming from the critical point and so that along 
them there is sufficient global decay to ensure that the problem localizes to the vicinity of t,^. 
Step 2: In order to show this desired localization we will use a Taylor series with remainder 
estimate in a small ball of radius approximately 1/-\/k around t^, and outside that ball we 
will use the estimate f l4.53p for the v and v' contour, and a similarly straight-forward estimate 
for the C contour. Step 3: Given these estimates we can show convergence of the Fredholm 
determinants as desired. 

Step 1: Define the contour C/ which corresponds to a steep (not steepest though) descent 
contour of the function j[z) leaving 5 = 1 at an angle of 47r/3 and returning to 2 = 1 at an 
angle of — 47r/3, given a positive orientation. In particular we will take to be composed of 
a line segment from 5 = 1 to 5 = 1 + e'^^'^/^, then a circular arc (centered at 0) going counter- 
clockwise until 5 = 1 + e~*^'^/^ and then a line segment back to 5 = 1. It is elementary to 
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confirm that along C/, Re(/) achieves its maximal value of at the unique point z = and 
is negative everywhere else. 

Now we can define the v contour Cg,k.c which will serve as our steep descent contour 
for G{v) (see Figure I^?T1) . The contour Cg,h,c starts at v = and departs at an angle of 
47r/3 + 0{k~^) along a straight line of length c/ y/n where the angle is chosen so that the 
endpoint of this line-segment touches the scaled contour K~^/'^Cf given above. The contour 
then continues along K~^^'^Cf. The contour in the lower half plane is defined via reflecting 
through the real axis. That the error to the angle is 0{hi^^) is readily confirmed due to the 
0(k~^/^) error between and The constant c > will be fixed soon as needed for 

the estimates. 

One should note that for k large, the contour Cg,k,c is such that for v and v' along it, 
\v — v'\ < 62 where 62 can be chosen as any real number in (0, 1). By virtue of this fact, we 
may employ Proposition l4.1.4H to deform our initial contour Cq (given from Theorem I4.1.40p 
to the contour Cg,k,c without changing the value of the Fredholm determinant. 

Likewise, we must deform the contour along which the ( integration in f l4.5ip is performed. 
Given that v, v' G Cg,k,c now, we may again use Proposition 14. 1.4^ to deform the ( integration 
to a contour C(^^n which is defined symmetrically over the real axis by a ray from + A^~^/^ 
leaving at an angle of 27r/3 (again, see Figure H?T]) . It is easy to see that this deformation does 
not pass any poles, and with ease one confirms that due to the quadratic term in G{() the 
deformation of the infinite contour is justified by suitable decay bounds near infinity between 
the original and final contours. 

Thus, the outcome for this first step is that the v, v' contour is now given by Cg,k,c and 
the ( contour is now given by C(^^n which is independent of v. 

Step 2: We will presently provide two types of estimates for our function G along the specified 
contours: those valid in a small ball around the critical point and those valid outside the 
small ball. Let us first focus on the small ball estimate. 

Lemma 4.1.48. There exists a constant c and k* > such that for all n > n* the following 
two facts hold: 

(1) There exists a constant c' > such that for all v along the line segments of length c/i/k 
in the contour Gg,k,c: 

Re [G{v) - G{Q] < Re [-c'k'^^v - Q''] . 

(2) There exists a constant c' > such that for all ( along the line segments of length c/^/k 
in the contour Gi^^n- 

Re [G{v) - G{t,)] > Re [-cK^^^iC - Q'] . 
Proof. Recall the Taylor expansion remainder estimate for a function F{z) expanded around 

\F{z) - {F{z*) + F'{z*){z - z*) + lF"{z*){z - z*)^ + lF"'{z*){z - z*)^) \ 
< max ^\F""(w)\\z-z*\\ 



118 



Figure 4.1: Steep descent contours. 



We may apply this to our function G{z) around the point giving 

\G{z)-G{Q + lUz-h?\< max _ lJG""{w)\\z -h\ 

weB{tK,\z-tK\) 

As before let z = k~^^'^z and also let w = k~^I'^w. Note that for k large, 

-g^ = Ik'I^ + 0(k1/2), G""{w) = ^'"{w) = ^ + 0(1). 



This implies the key estimate 



\G{z)-G{Q + Uz-m < I 



z - 1 



4 



4 

Both parts of the lemma follow readily from this estimate. □ 

We may now turn to the estimate outside the ball of size c/ a/k. 

Lemma 4.1.49. For every constant c G (0, 1) there exists n* > and c' > such that for 
all V along the circular part of the contour Cg,k,c, the following holds: 

Re[G{v)-G{Q] < -c'. 

Proof. Writing v = k'^I'^v we may appeal to the estimate fl4.53p and the fact that along the 
circular part of the contour Gg,k,ci the function f{y) is strictly negative and the error in the 
estimate is 0(fi;~^/^). □ 
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The above bound suffices for the v contour since it is finite. However, the C, contour is 
infinite so our estimate must be sufficient to ensure that the contour's tails do not play a 
role. 

Lemma 4.1.50. For every constant c G (0, 1) there exists k* > and c' > such that for 
all C along the contour Ci^^n of distance exceeding c/a/k from t^? the following holds: 

Re [G{0 - G{i,)] > Re [-c'/^CVs] • 

Proof. This estimate is best estabhshed in three parts. We first estimate for C, between 
distance c/a/k and distance ci/y/H from (ci large). Second we estimate for C, between 
distance ci/a/k and distance C2 from t^- Finally we estimate for all C, yet further. This third 
estimate is immediate from the first line of fl4.53p in which the quadratic term in z clearly 
exceeds the other terms for n large enough and 1^1 > C2- 

To make the first estimate we use the bottom line of f l4.53p . The function f{z) has growth 
along this contour sufficient to overwhelm the terms 7k~^/^(1 — ^) + 0(/s;^^) as long as k is 
large enough. The 0{k~^) error in fl4.53p is only valid for 5 in a compact domain though. So 
for the second estimate we must use the cruder bound that G{z) — G{t^) = f{z) + 0(1) for z 
along the contour and of size less than C2 from Since in this regime of z, f{z) behaves like 
—Kz'^/2, one sees that for k large enough, this 0(1) error is overwhelmed and the claimed 
estimate follows. □ 

Step 3: We now employ the estimates given above to conclude that det(/ + Ku{N,r,K)) 
converges to det(/ + i^r.s) where the two operators act on their respective spaces and are 
defined with respect to the kernels above in (14.501) and (14.521) . The approach is standard so 
we just briefiy review what is done. Convergence can either be shown at the level of Fredholm 
series expansion or trace-class convergence of the operators. Focusing on the Fredholm series 
expansion, the estimates provided in Step 2, along with Hadamard's bound show that for 
any e, there is a /c large enough such that for all A^, the contribution of the terms of the 
Fredholm series expansion past index k can be bounded by e. This localizes the problem of 
asymptotics to a finite number of integrals involving the kernels. The estimates of Step 2 
then show that these integrals can be localized in a large window of size N~^^^ around the 
critical point t^- The cost of throwing away the portion of the integrals outside this window 
can be uniformly (in A^) bounded by e, assuming the window is large enough. Finally, after a 
change of variables to rescale this window by N^^^ we can use the Taylor series with remainder 
to show that as N goes to infinity, the integrals coming from the kernel Ku{N,r,K) converge 
to those coming from Kr^n- This last step is essentially the content of the critical point 
computation given earlier. □ 

4.2 The a-Whittaker process limit 

4.2.1 Weak convergence to the a-Whittaker process 

We start by defining the a-Whittaker process and measure as introduced and first studied in 
[32] in relation to the image of the log-gamma discrete directed polymer under the tropical 
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Robinson-Schensted-Knuth correspondence (see Section [53!) . 

Definition 4.2.1. Fix integers n > N > 1 and vectors a = {ai, . . . , a„) and a = (oi, . . . , a^) 
such that ttj > for all 1 < z < and + aj > for all combinations of 1 < z < n and 

N(N+1) 

^ ^ j ^ N . Define the a-Whittaker process as a probability measure on M 2 with the 
density function given by 

n N ^ 

aW(a;„,„) {{Tk,j}i<j<k<N) = n n r? — I — V exp{J',a{T))9a,.n{TN,i, • • • , Tn,n) 

i=i k=i ^ + 

where 

„ n N 

Sa,n{^N) = / 4^En(^n) TT TT ^("^ ~ LVk)mN{vN)dv^. 

f=ltl 

The nonnegativity of the density is not obvious but it does follow from Theorem 14.2.31 
below. To see that the total integral is equal to 1, one first integrates over the variables j 
with k < N, which yields the following a-Whittaker measure 

n N 



aWlSAia;a,n) ({^Af,j}l<j<Af) — TT TT w i Z^La{TN,l, ■ ■ ■ , TN,N)Ga,n{TN,l, • • • , 

j=i fc=i ^ * ' -J^ 



and then over the remaining variables, using the orthogonality of the Whittaker functions. 

Remark 4.2.2. In order to make use of the orthogonality we need to justify the analytic 
continuation of this relation off the real axis. As in Section 14.1.31 this requires strong decay 
estimates for „ which presently we do not make. 

Theorem 4.2.3 (modulo decay estimates). In the limit regime 

q = e-\ &i = e-"'^ I < i < n, = e-'"^ 1 < A; < A^, 

Xf^ = ne-^ loge"^ + {k + l- 2j)e~^ \oge~^ + Tkje-\ I < J < k < N, 

the q-Whittaker process M.asc,t=o{^i, ■ ■ ■ , ^n] P) with pure alpha specialization p determined 
by a = (ai, . . . , a„) (and 7 = 0, /3j = for all i > 0) as in equation h2.23\) . weakly converges 
to the a-Whittaker process aW i^a;(i^n){{Tk,i}i<i<k<N) ■ 

Proof, modulo decay estimates. The proof of this result follows along the same lines as the 
proof of Theorem I4.1.2UI As such, we provide the main steps only, and forgo repeating 
arguments when they remain unchanged. 
As before, recall that by definition 

Masc,t=o[Ai, . . . , A^; p)(A^ ^ . . . , >) = — ^ , 

i.i.[Ai, . . . , A^; p) 

where t = in the Macdonald symmetric functions. 

It suffices to control the convergence for {Tk^i} varying in any given compact set - thus 
for the rest of the proof fix a compact set for the {T^ j}. Again we provide three lemmas 
which combine to the result. Recall also the notation ^(e) = —^7 — |log^- 

Let us start by considering the skew Macdonald polynomials with t = 0. 
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Lemma 4.2.4. Fix any compact subset D C ]R^(^+^)/2. Then 

Py^,.Mi)Px'^^yxw{M) ■ ■ ■Pa(-)/a(--i)(A;v) = e- '"-^r-'' Sr^i '^'^ J-,,(T)e°(^) (4.55) 

where the o(l) error g'oes uniformly (with respect to {Tk^i\i<i<k<N E D) to zero as e goes to 
zero. 

Proof. This is proved exactly as in Lemma [4. 1.221 by making the replacement r = era log e~^. 

□ 



Lemma 4.2.5. We have 

n N 



i=l k=l 

where the o(l) error goes to zero as e goes to zero. 
Proof. Note that 

N n 



fc= 

From the definition of the g-Gamma function and its convergence to the usual Gamma 
function as g — )■ 1, we have 

= (4-56) 

where the o(l) term goes to zero as e goes to zero. Recalling the scalings we have, and using 
this convergence, the lemma follows. □ 

Lemma 4.2.6 (modulo decay estimate in Step 4). Fix any compact subset D C ]R^(^+^)/2. 
Then 

( " ^ 1 \ 

/ (JV-i)(]v-2) ^ ]V(JV+i) -I— r -I— r i \ 

Qa(-) (p) = e^^^^^^\-^ JJ JJ __ ^,,,(T^,i, . . . , T^^^)e^ 
\ i=\ k=i ^ ) 

where the o(l) error goes uniformly (with respect to {Tk^i}i<i<k<N E D) to zero as e goes to 
zero. 

Proof. We employ the torus scalar product, see Section I2.1.5[ with respect to which the 
Macdonald polynomials are orthogonal (we keep t = 0): 

(/, gYN = / f{z)g{z)m]^{z) n — , m%{z) = T\{ziZ-^; q)^. 

Recalling the definition of IT from equation fl2.27p we may write 

Qx{p) = /p p \/ (n(^i, ■■■,zn; p), Px{zi, . . . , ZN)yN- 
{P\,Px)n 
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Let us break up the study of the asymptotics of Q into a few steps. The first three steps 
follow easily, while the fourth requires a strong decay estimate which we presently do not 
give. 

Step 1: Just as in Lemma [4.1.241 

where the o(l) error goes to zero as e goes to zero. 

The next three steps deal with the convergence of the integrand of the torus scalar product, 
and then the convergence of the integral itself. We introduce the change of variables Zj = 
exp{tez/j}. 

Step 2: Fix a compact subset V C M^. Then 

n N n N ^ 



i=l k=l i=l k=l 



and 

Ar(JV-l) (]V-l)(JV+2) ^ ^ 

P^M^i, ...,zn) = i?pV^,„...,,^(T^,i, . . . ,T;v,Jv)e°(^), Ep = e —e ^ E 



k = l 



where the o(l) error goes uniformly (with respect to {Tk^i}i<i<k<N G D and {i^.j}i<.j<Ar G V) 
to zero as e goes to zero. 

Step 3: Fix a compact subset V C M^. Then 



N , N 

dz, 

Zi 



n — = E^m^{v)\[dv,e<'\ E^ = e''' 
i=i ^* i=i 



mliz) TT — = EMMY\du,e<'\ E^, = e^\^(^-')^(^) 



where the o(l) error goes uniformly (with respect to {z/}i<Ar G V) to zero as e goes to zero. 
Step 4: We have 



(n(.„ . . . , p), P,iz„ . . . , z^))'^ = ('e^^^-^'^(^)e^ flfl^] ^'^ATn,., • • • , 



'N,N 



i=l k=l 



(4.57) 

where the o(l) error goes uniformly (with respect to {Tfc j}i<j<fc<7v G D) to zero as e goes to 
zero. 

The proof of this step is involved and relies on precise asymptotic estimates involving the 
tails of the g-Whittaker functions. We presently forgo this estimate. 

Steps 2 and 3 readily show that the integrand of the scalar product on the left-hand side 
of equation f l4.57p converges to the integrand of 6'^ „ on the right-hand side times EuEpEm 
(recall that we must take the complex conjugate of Pa and hence also Ep). These three terms 
combine to equal the prefactor of Oa^n above. This convergence, however, is only on compact 
sets of the integrand variables u. In order to conclude convergence of the integrals we must 
show suitable tail decay for large u. 
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In particular, the estimate we need to show is that if we define 

Vm = {{zi, ...,zn) ■■yi<k<N,Zk = e''"' and > M}, 

then 

N 



with the hmits uniform with respect to {Tk,i}i<i<k<N G D. Such an estimate (which would 
complete the proof of this lemma) uses the Mellin Barnes integral representation for Whit- 
taker functions in Section l4.1.1l and an analogous representation for the g-Whittaker functions. 

□ 

We may combine the above lemmas, just as in the proof of Theorem 14. 1.201 to complete the 
proof Theorem 14.2.31 modulo the above decay estimates which we do not presently make. □ 

4.2.2 Integral formulas for the a-Whittaker process 

Similarly to Section 14.1.4^ the moment formulas for the g-Whittaker processes give rise to 
moment formulas for the a-Whittaker processes. The proof of the following statements follows 
the same path as that for Propositions I4.1.28[ I4.1.29[ 14.1.301 and use decay noted in Remark 
14.2.21 in replacement of the decay estimate of Proposition 14.1.191 

Proposition 4.2.7 (modulo decay assumption in Remark I4.2.2p . For any 1 < r < N , 



e 



-(7jv,JV+7jv,JV_lH hTjv,JV-r+l) 



vv ^■vA.(^ai,...,aj^;ai,...,an) 



/.../ n -m(n^)(n 

l<k<l<r j=l \m=l ^ ' ™/ \m=l 



where the contours include all the poles of the integrand. 

The limiting form of Proposition 13.1.51 is the following: 
Proposition 4.2.8 (modulo decay assumption in Remark I4.2.2p . For any k >1, 



a^^ia^,...,a^;c-^,...,a.n) 



{2-KlY J J Wa — Wb + \ Wj + am I \ 

\ ) -J •) \<A<B<k ^ " i=l Vm=l 3 ^ / \m=l 

where the Wj-contour contains {wj+i — l, ■ ■ ■ , tffc— 1, — ai, ■ ■ ■ , — a/vr} and no other singularities 
for i = l,...,/c. 

The limiting form of Proposition 13.1.61 is the following: 
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Proposition 4.2.9 (modulo decay assumption in Remark I4.2.2p . Fix k > 1 and > 1 for 

1 < K < k. Then 

k 

(Tjv.atH I-Tm.n-tk+i) 



n 



e 



\'«=l / aWM/ ^ 

" •"■"(ai,...,ajv-;T) 

^ (^_]_-)rK(r^ + l)/2+A'r„ 



n (2TriY-rj J '" J n I n n ^ ^ ^ , 1 

K = l \ J K J J l<Ki<K2<fc \'i=l J = l ''^J 



X 



where the w^-^^j- contour contains {wk2,« ~ 1} Z^'" '^^^ ^ ^ {1; • • • ^"^^,2} ^'^'^ ^2 > 1^1, t(;e// as 
{— «!, . . . , —Oat} anc? no other singularities. 

A statement similar to Proposition 14. 1.341 and Prop osit ion 13 . 1 . 7l can be found in [32]. 

4.2.3 Fredholm determinant formulas for the a-Whittaker process 

Let us first write the analog to Theorem 13 . 2 . 1 1 1 (which was done for Plancherel specializations) 
in the case of pure alpha specializations. 

Theorem 4.2.10. Fix p a pure alpha (see Definition \2.2.'J\] Macdonald nonnegative special- 
ization determined by positive numbers a = {ai, . . . , Fix < 5 < 1 and Ai, . . . ,A]\f such 
that \Ai — 1\ < d for some constant d < Then for all C G C\ IR+ 

= det(J + K^) 



(CQ"*"^) 9)00 / MMt=o(yli,...,yljv;p) 

where det(J + K^^) is the Fredholm determinant of 

: L\Ca) ^ L\Ca) 

for Ca a positively oriented circle \w — 1\ = d. The operator is defined in terms of its 
integral kernel 

K^{w,w') = — / T{-s)T{l + s){-Crg^MQlds 

where 

g .(q')= ^ TT (9'w/A^;g)oo -pr (a^w; g)oo 
q^w - w' J^}^ {w/Am] q)oo {q^aiw; q)oo ' 

The operator is trace-class for all ( E C \ M+. 

Proof. The proof of this result is a straightforward modification of that of Theorem 13.2. Ill □ 
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From this we can prove the analog of Theorem I4.1.40[ 

Theorem 4.2.11 (modulo decay estimates of Theorem I4.2.3p . Recall the conditions of Def- 
inition \l.2.1\ Fix < ^2 < 1? o-nd 5i < 52/2. Fix Oi, . . . , a^v such that |aj| < 5i. Then 



-ue 



det(J + i^„) 



where det(/ + Ky) is the Fredholm determinant of 

Ky : L\Ca) ^ L\Ca) 

forCa a positively oriented contour containing ai, ... such that for all v , v' G Ca, \v—v'\ < 
62- The operator is defined in terms of its integral kernel 



(4.58) 



Proof. The proof of this result is a straightforward modification of that of Theorem I4.1.40I 
The proof relies on the weak convergence result of Theorem 14.1.401 which is proved modulo 
certain decay estimates. □ 
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Chapter 5 

Directed polymer in a random media 



5.1 General background 

In this section we will focus on a class of models introduced first by Huse and Henley [52] 
which we will call directed polymers in a random media (DPRM). Such polymers are directed 
in what is often referred to as a time direction, and then are free to configure themselves in 
the remaining d spatial dimensions. The probability of a given configuration of the polymer 
is then given (relative to an underlying path measure on paths vr(-)) as a Radon Nikodym 
derivative which is often written as a Boltzmann weight involving a Hamiltonian which assigns 
an energy to the path: 



In the above equation dPo represents the underlying path measure (which is independent of 
the Hamiltonian and its randomness). The parameter /3 is known as the inverse temperature 
since modifying its value changes the balance between underlying path measure (entropy) 
and the energetic rewards presented by the disordered or random media in which the path 
lives. The term Hq represents the Hamiltonian which assigns an energy to a given path. 
The subscript Q stands for quenched which means that this Hq{ti{-)) is actually a random 
function of the disorder u which we think of as an element of a probability space. Finally, 
Zq is the quenched partition function which is defined as necessary to normalize dPq as a 
probability measure: 



The measure dPg is a quenched polymer measure since it is still random with respect to the 
randomness of the Hamiltonian Hq. This is to say that dPg is also a function of the disorder 

u. We denote averages with respect to the disorder w by an overline or (■), so that Zq or 

{Zq) represents the averaged value of the partition function. We use P for the probability 
measure for the disorder uj and denote the variance with respect to the disorder as var-. 



exp{/3i7Q(7r(.))}rfPo(vr(-)). 



Q 
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When /3 = the above model reduces to the original path measure dPo. Let us now 
focus on the case when dPo is the path measure for a standard simple symmetric random 
walk (SSRW). This means that for /3 = 0, 7r(-) will rescale diffusively to a Brownian motion 
(or Brownian bridge if we pin the endpoint). A general question of interest in the study of 
polymers is to understand the effect of a random Hamiltonian at positive /3 on the behavior 
and energy of a dPg typical path. This is generally recorded in terms of two scaling exponents: 
the transversal fluctuation exponent ^ and the longitudinal fluctuation exponent x- When 
dPo is supported on n-step SSRWs, as n goes to infinity, the first exponent describes the 
fluctuations of the endpoint of the path it: var7r(n) ^ n^^. The second exponent likewise 
describes the fluctuations of the free energy: var/3~^ log n^. On top of these scaling 

exponents it is of essential interest to understand the statistics for the properly scaled location 
of the endpoint and fluctuations of the free energy. 

We will now focus entirely on Hamiltonians which take the form of a path integral through 
a space-time independent noise fleld. In the discrete setting of dPo as SSRW of length n, the 
noise fleld can be chosen as IID random variables Wi^x and then Hq{'k{-)) = ^"=o ^^.^C*)- 

The flrst rigorous mathematical work on directed polymers was by Imbrie and Spencer 
[53] in 1988 where (by use of an elaborate expansion) they proved that in dimensions d > 3 
and with small enough /3, the walk is diffusive (^ = 1/2). Bolthausen [H] strengthened the 
result (under same same d > 3, (3 small assumptions) to a central limit theorem for the 
endpoint of the walk. His work relied on the now fundamental observation that renormalized 
partition function (for dPo a SSRW of length n) Wn = Zq/ Zq is a martingale. 

By a zero-one law, the limit Woo = hnin-s^oo Wn is either almost surely or almost surely 
positive. Since when /3 = 0, the limit is 1, the term strong disorder has come to refer to 
the case of Woo = since then the disordered noise has, indeed, a strong effect. The case 
Woo > is called weak disorder. 

There is a critical value f3c such that weak disorder holds for /3 < /3c and strong for /3 > /3c. 
It is known that /3c = for d e {1, 2} [28] and < /3c < oo for > 3. In c? > 3 and weak 
disorder the walk converges to a Brownian motion, and the limiting diffusion matrix is the 
same as for standard random walk [29] . 

On the other hand, in strong disorder it is known (see [23) that there exist (random) 
points at which the path vr has a positive probability (under dPg) of ending. This is certainly 
different behavior than that of a Brownian motion. 

The behavior of directed polymer when restricted to d = 1 has drawn signiflcant attention 
and the scaling exponents x and fluctuation statistics are believed to be universal with 
respect to the underlying path measure and underlying random Hamiltonian. Establishing 
such universality has proved extremely difficult (see [92] for a review of the progress so far in 
this direction). 

The KPZ universality belief is that in d = 1, for all /3 > and all distributions for Wij 
(up to certain conjectural conditions on finite moments) the exponents = 2/3 and x = 1/3- 
A stronger form of this conjecture is that, up to centering and scaling, there exists a unique 
limit 

logZ^ 

/3 
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where Zl^{t,x) is the point to point partition function of polymers ending at x at time t. 
The operator is the KPZ renormahzation operator and acts on a space-time function as 
{R^f){t,x) = ef{e~^t,e~'^x) minus the necessary centering. This hmit point is described in 
[M] where it is called the KPZ renormalization fixed point. Information about this fixed point 
(such as the fact that for a fixed t, it is spatially distributed as an Airy2 process [85]) has 
generally come from studying ground-state, or zero temperature models such as last passage 
percolation, TASEP or PNG (see the review [30]). 

It has only been very recently that exactly solvable finite temperature polymer mod- 
els have been discovered and analyzed. In the following sections we introduce these models, 
provide background as to what was previously known about their solvability and then demon- 
strate how the methods developed in this paper enhance the solvability. 



5.2 The O'Connell-Yor semi-discrete directed polymer 
5.2.1 Definitions and results from 177 



Definition 5.2.1. An up/right path in M x Z is an increasing path which either proceeds 
to the right or jumps up by one unit. For each sequence < si < ■ ■ ■ < SAr_i < t we can 
associate an up/right path from (0, 1) to (t, A^) which jumps between the points (sj, i) and 
(sj, 2 + 1), for i = 1, . . . , A^— 1, and is continuous otherwise. Fix a real vector a = (ai, . . . , a^) 
and let B{s) = (-Bi(s), . . . , B]sf{s)) for s > be independent standard Brownian motions such 
that Bi has drift a,. Define the energy of a path (p to be 

^(0) = 5i(si) + {B2{S2) - B^isi)) + ■■■ + (BMit) - Bm{sn^i)) . 

Then the semi-discrete directed polymer partition function Z^{t) is given by 



Z^(t) = J 



where the integral is with respect to Lebesgue measure on the Euclidean set of all up/right 
paths (p (i.e., the simplex of jumping times < si < ■ ■ ■ < s^v-i < t). One can introduce the 
hierarchy of partition functions (t) for < < A^ via (t) = 1 and for n > 1, 



JD„(t) 



where the integral is with respect to the Lebesgue measure on the Euclidean set Dn{t) of all 
n-tuples of non-intersecting (disjoint) up/right paths with initial points (0, 1), . . . , (0,n) and 
endpoints {t, N - n + 1), . . . , {t, N). 

The hierarchy of free energies (t) for 1 < n < N ii defined via 

F^(t)=log' ^^^'^ 



129 



The triangular array 



{F?(-)},<,<,<„:|0.~)^R"<''«"^ 



is almost surely (path-wise) equal to the trajectories of the diffusion Markov process which 
can be defined recursively as follows: Let dF\ = dBi and, for k = 2, . . . , N 



rfF^ = rfF^i+ (e^3"^^ -e^^'-^r 



7fc TTiA; — 1 



(5.1) 



dFl = dBk - e^^~^^-'^dt, 



where the Bj. are the independent standard Brownian motions with drifts which serve as 
the inputs for the polymer model. 
It is shown in [77] that: 

Theorem 5.2.2. Fix N > 1 and a vector of drifts a = (oi, . . . ,a]y), then {F^ (^)}i<n<Ar 
fined in ( 15. evolves as a diffusion Markov process in (with respect to its own filtration) 
with infinitesimal generator given by 

La = ICa' (h-Y1 «n V^.a = I A + V log • V 



where ^p^i^) = '4'i,ai,...,i,ajs,{xi^ ■ ■ ■ ^x^) is the Whittaker functions (see Section \4.1.1\ and note 
the difference between the given definition and that of l7l\l ), where H is the quantum gl^y 
Toda lattice Hamiltonian 



N-l 

Xj_|_x Xi 



e 
1=1 

The entrance law at time t for this diffusion is given by the Whittaker measure WM(a;t) 
of For each t > 0, the conditional law ofF(t) = |Fj^(t)}_^^ •<A:<Ar fl'^'^^c" 



i<i< 

X 



is given by the density 

ijUx)-'exp{T,aiF{t))). 

Therefore it follows that F{t) is distributed according to the Whittaker process ^(a-.t) 
defined in lli4-30\ )- 

Remark 5.2.3. For the application of our previous results on the Whittaker processes it is 
useful to note the following symmetry: The transformation Tk^i -H- —Tk^k+i-i maps W(a;^) to 
^(~a;T) (the sign of a/s changes). This easily follows from the definition of W(a.^). 
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Remark 5.2.4. As mentioned in the proof of Proposition 14.1 .171 the above result provides 
probabihstic means to seeing that the Whittaker measure is a probabihty measure. 

Remark 5.2.5. As a corollary of the above result and the Bump-Stade, identity O'Connell 
[77] derived a formula for the Laplace transform of Z^(t) (see Proposition 14.1. 3"4|) which he 
observed could be rewritten as a Fredholm determinant. However, no asymptotic analysis 
results originating from this observation are known. The Fredholm determinant formula we 
derived earlier and restate in the polymer context in Section 15.2.31 is not obviously related to 
O'Connell's analysis. 

The dynamics given by the coupled stochastic ODEs in (15. ip do not correspond to the 
Whittaker 2d-growth model given in Section 14.1.31 For instance, one readily sees that the 
dynamics of (15.11) is driven by N noises, whereas that of the Whittaker 2d-growth model is 
driven by A^(A^ + l)/2 noises. O'Connell does consider the Whittaker 2d-growth model and 
refers to it as a "symmetric" version of the dynamics of (15. ip - see Remark 14.1.271 Restricted 
to the top level, both processes are Markovian with generator C. Also, restricted to the 
edge of the triangular array, the dynamics of {T^{-)}i<k<N and of {Fl{-)}i<k<N coincide and 
are both Markov processes. These edge dynamics correspond to the limit of the g-TASEP 
process. 

5.2.2 Integral formulas 

The following follows from Theorem 15.2.21 and Proposition 14.1.281 

Proposition 5.2.6. Fix N > 1 and a drift vector a = (ai, . . . ,aN). Then for 1 < r < N 
and t > 

where the contours include all the poles of the integrand. 

The following follows from Theorem 15 . 2 . 2 1 and Proposition 14. 1.2^ We give an independent 
check of this result in Part [H] using the replica approach (see Proposition 16.1.4]) . 

Proposition 5.2.7. Fix N > 1 and a drift vector a = (ai, . . . ,a7v)- Then for k > 1 and 
t > 

where the wa contour contains only the poles at {wb + 1} for B > A as well as {ai, . . . , a^}. 
The following more general statement follows from Theorem 15 . 2 . 2 1 and Proposition 14. 1 . 3TI1 
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Proposition 5.2.8. Fix N > 1 and a drift vector a = (ai, . . . , oat). Then for A; > 1, > 1 
for 1 < a < k, N > Ni > N2 > ■ ■ ■ > Nk, andt>0, 



k 



\a=l 



0=1 ^ ' a=l l<a</3<fc \i=l j=l ' 



^11 \ / e^'^^'^dw. 



xH n n 

Q=l V \l<i<i<rv« / \j=l 



IW^aj - aij ■ ■ ■ [Wa,j - a^^ 



where the Waj-contour contains {wjs^i + 1} for all i G {l,...,r/3} and f3 > a, as well as 
{ai, . . . , Oat} and no other singularities. 

The following follows from Theorem 15.2.21 and Proposition 14.1.321 

Proposition 5.2.9. Fix N > 1 and a drift vector a = (ai, . . . , cat). Then for k time moments 
<ti<t2< ■■■ <tk, 



iJ=l / 1<A<S<A; m=l \j = l / 

where the wa contour contains only the poles at {wb + 1} for B > A as well as {ai, . . . , oat}. 

5.2.3 Fredholm determinant formula 

The following follows from Theorem 15.2.21 and Theorem 14.1.401 

Theorem 5.2.10. Fix N > 1 and a drift vector a = (oi, . . . , aA?). Fix < ^2 < 1? ^i^d 
di < 62/2 and such that \ai\ < 61. Then for t > 0, 

where det(J + Ky) is the Fredholm determinant of 

Ky : L\Ca) ^ L\Ca) 

for Ca a positively oriented contour containing ai, . . . , Oat and such that for all v,v' G Ca, we 
have \v — v'\ < 62- The operator is defined in terms of its integral kernel 

too +(52 ^ 



_,oo+<52 T{s + v- am) v + s-v'' 



1 pLCO-\-02 

Ku{v, v') = — / dsT{-s)T{l + s)\\ 
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Recall Definition 14.1.451 
Definition 5.2.11. The Digamma function "^{z) = [logr]'(2;). Define for k > 

/. = inf («t - ^(t)) 

and let denote the unique value of t at which the minimum is achieved. Finally, define the 
positive number (scaling parameter) f?^ = —"^"{tf^). 

The following follows from Theorem 15.2.21 and Theorem 14.1.461 

Theorem 5.2.12. Fix drifts Oj = and for all N, set t = Nn. Then there exists ft* > 
such that for k> n* , 

Remark 5.2.13. The law of large numbers with the constant was conjectured in |80] and 
proved in [73]. A tight one-sided bound on the fiuctuations of F]^(t) was determined in [93] . 



5.2.4 Parabolic Anderson model 

Consider an infinitesimal generator L for a continuous time Markov process on Z with po- 
tential V : M+ X Z — )> R. Then, under fairly general conditions on L and V, the initial value 
problem 

dtU = Lu-Vu, u{0,y) = f{y), 
has a unique solution which can be written via the Feynman-Kac representation as 

u{t,x) = E,. \e~^onsMs))dsj^^^^^^ 

where X{-) is a diffusion with infinitesimal generator L and E^, represents the expectation 
over trajectories of such a diffusion started from x [27] . 

This average over paths integrals can be thought of as a polymer (in the potential V) 
started at x, ending according to a potential given by \og{f{y)) and evolving according to 
the underlying path measure given by the Markov process with generator L. When f{y) = 
6y=j (the Kronecker delta) and L is the time reversal of L, then there is an alternative 
representation as 

u{t,x) = E, [e~^o^(-'^W)'^-5(x(t) = x) 

where Kj is the expectation of the time reversed process X started at j at time in time 
reversed potential V{s, i) = V{t — s,i). Often it is interesting to consider potentials V which 
are random. 

The O'Connell-Yor semi-discrete directed polymer partition function (t) with drift 
vector {ai, . . . , aAr} fits into this framework. Let the time reversed generator L be a Poisson 
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jump process X(t) which increases from i to i + 1 at rate one, let f{y) = 6{y = 1), and let 
V{s,i) = dW{s,i) + Qi where dW{-,i) are independent identically distributed 1-dimensional 
white noises (i.e., distributional derivatives of independent Brownian motions). Let the in- 
tegral JqV{s, X{s))ds be treated as the Ito integral dW{s, X{s)) for a given realization 
of X{s). Then the partition function Z^(t) = e*u{t,N). The reason for the e* factor comes 
from the fact that a Poisson point process with exactly — 1 jumps on the time interval 
[0, t] is distributed according to the uniform density e~*t^~'^ /{N — 1)! on the simplex of jump 
times < si < ■ ■ ■ < stv-i < t. This differs by the e* factor from the measure we integrated 
against when defining Z^(t). 

The Parabolic Anderson model on M_|_ x Z fits into the same setup but has a generator 
corresponding to that of a simple symmetric continuous time random walk. The analysis 
performed in [7^ does not seem to extend to this model or to any other generators L than 
that of the Poisson jump process described above. However, in Part [6] we will demonstrate a 
new ansatz for computing polymer moments which applies equally well to both models. 



5.3 Log-gamma discrete directed polymer 

We presently follow the notation of [32] . 

Definition 5.3.1. Fix > 1 and a semi-infinite matrix d = {dij : i > 1, 1 < j < A^) of 
positive real weights dij E M^*^. For each n > 1 form the n x N matrix rfl^'"] = (dy : 1 < i < 
nA < 3 < N). For 1 < i < k < N let denote the set of ^-tuples vr = (vn, . . . , tt^) of 
non-intersecting lattice paths in such that, for 1 < r < tt^ is a lattice path from (l,r) 
to {n, k + r ~ i). A lattice path only takes unit steps in the coordinate directions between 
nearest-neighbor lattice points of Z^ (i.e., up or right); non- intersecting means that paths do 
not touch. The weight of an £-tuple tt = (tti, . . . , vr^) of such paths is 

wt{iT) = Yl Yi 

r=l ii,j)&7Tr 

Let us assume n > N (otherwise some additional case must be taken - see [32]). Then 
for 1 < £ < A; < A^, let 

Define the free energy hierarchy f{n) = {fiin) : 1 < i < k < N} via 

f'in) = log ( 4¥^) ■ (5-2) 



We express the mapping (15.21) that defines f{n) from rft^'"! as 

fin) = P„,7v(rft''"l). (5.3) 
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This corresponds to the tropical P tableaux of the image of rft^'"! under A.N. Kirillov's tropical 
Robinson-Schensted-Knuth correspondence [62] . 

Definition 5.3.2. Let ^ be a positive reaL A random variable X has inverse-gamma distri- 
bution with parameter 6* > if it is supported on the positive reals where it has distribution 

F(X e dx) = T^a;"^^^ exp i - - I dx. (5.4) 

T{e) [ xj 

We abbreviate this as X ~ r~^(6'). 

Definition 5.3.3. An inverse-gamma weight matrix, with respect to a parameter matrix 
7 = {'-fij >0:i>l,l<j< A^), is a matrix of positive weights {dij : i > 1,1 < j < N) 
such that the entries are independent random variables dij ~ r~^(7jj). We call a parameter 
matrix 7 solvable if 7j ,,• = 6i -\- 6j > for real parameters {6i : i > 1) and {6j : 1 < j < N). 
In this case we also refer to the associated weight matrix as solvable. 

Remark 5.3.4. The weights di j can be considered as e"'^*'-' where dij are distributed as log- 
gamma random variables. Since traditionally one identified the distribution of the weights 
of the Hamiltonian for a directed polymer this is the origin of the name (see [S2|)- 

From now on we will fix that the weight matrix d is an inverse-gamma weight matrix 
with a solvable parameter matrix. Analogously to the O'Connell-Yor semi-discrete polymer, 
the hierarchy f{n) evolves as a Markov chain in n with state space in M^(^+i)/2. An explicit 
construction of this Markov chain as a function of the weights d is given in [32] (appealing to 
the recursive formulation of the tropical RSK correspondence which is given in [76]). We will 
not restate the kernel of this Markov chain on but only remark that it is not the 

same as the limiting Markov chain which corresponds to the scaling limit of the dynamics 
given in Proposition 12.3.51 However, we have the following: 

Remark 5.3.5. The marginal distribution of {fi' {n)}i<e<N is given by the a-Whittaker 
measure aWM(a;a,n) with aj = 6j for 1 < j < A^ and = 6i for 1 < i < n. The formulas 
given in Section 14.2.21 provide formulas for the moments of certain terms in the hierarchy of 
free energies. The Fredholm determinant formula in Section [4.2.31 provides a formula for the 
expectation of exp(—se-^jv ("■)). It should be noted that this is not the single path free energy 
of the model, but rather the free energy for a dual single path polymer model. Remark l2.2.1H 
however, provides the necessary formulas which when developed in the manner of this paper 
should yield a Fredholm determine for fl^{n) as well. 

5.4 Continuum directed random polymer and Kardar- 
Parisi-Zhang stochastic PDE 

Definition 5.4.1. O'Connell and Warren introduced the partition function hierarchy for 
the continuum directed random polymer (CDRP). It is a continuous function Zn(T,X) of 
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(n, T, X) varying over (Z>o, M+,M), which is written as 



z„(T,x)=p(r,xrE 



exp : l^J^ W{t,bi{t))dt 



(5.5) 



where E is the expectation of the law on n independent Brownian bridges {bi}^^i start- 
ing at at time and ending at X at time T. The : exp : is the Wick exponential and 
p{T,X) = (27r)^^/^e~"^ ^'^ is the standard heat kernel. Intuitively these path integrals rep- 
resent energies of non-intersecting paths, and thus the expectation of their exponential rep- 
resents the partition function for this multiple path directed polymer model. The Wick 
exponential must be carefully defined and one approach to doing this is via Weiner-Ito chaos 
series: For n e Z>o, T > and X e M define [79] 



Z„(T,X)=p(T,X)"V / / R^^\{tux,),...,{h,Xk))W{dhdxi)---W{dhdxk), 

(5.6) 

where Ak{T) = {0 < ti < ■ ■ ■ < < T}, and i?^"'' is the /c-point correlation function for a 
collection of n non-intersecting Brownian bridges which all start at at time and end at X 
at time T. For notational simplicity set Zo{T, X) = 1. These series are convergent in LP'iW). 
For n = 1 one readily observes that the above series satisfies the well-posed stochastic heat 
equation with multiplicative noise and delta function initial data: 

arZi = - Zi(0,X) = 5x=o. (5.7) 

In light of this, the Wick exponential provides a generalization of the Feynman-Kac rep- 
resentation. There are other equivalent approaches to defining the Wick exponential (see 

m)- 

The entire set of 2„(T, X) are almost surely everywhere positive for T > fixed as one 
varies n G Z>o and X G M [31]. Hence it is justified to define, for each T > the KPZt line 
ensemble which is a continuous Z,>o-indexed line ensemble l-L^ = {'H^}„gz>o • ^>o x M — )■ M 
given by 



ni (X) = log 



Zn{T,X) 
Zn-liT,X) 



Taking n = 1, "Hf (■) is the Hopf-Cole solution to the Kardar-Parisi- Zhang stochastic 
PDE. Formally, the KPZ stochastic PDE is given by 

dT'Hi = \dlHi-^\{dxHif + W. (5.8) 

This is an ill-posed equation - hence its interpretation as the logarithm of the stochastic 
heat equation. The delta initial data for the stochastic heat equation is called narrow wedge 
initial data for KPZ. 
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The CDRP can be thought of in terms of the general directed polymer framework. The 
CDRP defined corresponds to an underlying path measure of Brownian bridge which starts 
at at time and ends at X at time T, an inverse temperature /3 = 1 (/3 can be scaled into 
T in fact) and a quenched Hamiltonian given by 

hq{7i{-))=- r w{t,b{t))dt. 

Jo 

The reason for the Wick exponential is due to the roughness of the potential as well as the 
Brownian path. 



5.4.1 CDRP as a polymer scaling limit 

The CDRP occurs as limits of discrete and semi-discrete polymers under what has been called 
intermediate disorder scaling . This means that the inverse temperature should be scaled to 
zero in a critical way as the system size scales up. For the discrete directed polymer it 
was observe independently by Calabrese, Le Doussal and Rosso [26] and by Alberts, Khanin 
and Quastel [I] that if one scaled (3 as n"^/^ and the end point of an n-step simple walk 
as n^/^y then the properly scaled partition function converges to CDRP partition function. 
Using convergence of discrete to continuum chaos series, [2] provide a proof of this result 
that is universal with respect to the underlying IID random variables which form the random 
environment (subject to certain moment conditions). 

Concerning the O'Connell-Yor semi-discrete directed polymer, a similar approach to that 
of [2] is used in [72] to prove convergence of the entire partition function hierarchy. Define a 
scaling coefficient 

CiN, T, X) = exp (^N + ^ + XT-'/'N'/''^ ^t1/2j^-i/2^n _ ^^ g^ 

Then for any n fixed, consider (for N > n), the scaled partition functions 

z^{Vtn + x) 



ZniT^X) 



c{N, T,xy 



In the next section we will provide evidence that as — > oo, this rescaled polymer partition 
function hierarchy converges to that of the CDRP hierarchy -Z„(T, X). This evidence is at the 
level of showing that various moment formulas converge to their analogous CDRP formulas. 
A proof of the convergence of this collection of space-time stochastic processes will appear in 
forthcoming work 



5.4.2 Integral formulas for the CDRP 

The convergence result of [72] mentioned in Section 15.4.11 shows that the semi-discrete poly- 
mer partition function hierarchy converges weakly to that of the CDRP. This convergence 
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does not imply convergence of moments (though one might attempt to strengthen it). With- 
out reference to the convergence, it is fairly easy to see the scalings under which to take 
asymptotics of the moment expressions given in Section [5221 One can check, after the fact, 
that these agree with the intermediate disorder scaling of [72] which strongly suggests that 
these limits provide expressions for the moments of the CDRP hierarchy. By using replica 
methods we can confirm this fact for some of these formulas. 

In what follows we speciahzed to zero drifts (i.e., = 0). Analogous formulas can be 
written down for general drifts. 

Proposition 5.4.2. Fix T > 0, X G M, and a drift vector a = (ai, . . . , a^) = (0, . . . , 0). 

Then for r > 1, 

hm / + \ = / ■ ■ ■ / f]{z, - z,) TT ei-^^-^d.„ (5.10) 



k^i j=i 



where the contours can all be taken to be lR. 



Proof. This follows from a simple asymptotic analysis of the formula of Proposition 15.2.61 
Changing variables Wj to —Wj and replacing Y[i<k<e<r(''^k — by Ill^^l^fc " "^e) clears 
the powers of —1. Under the above scaling, t = yTN + X so that the e''*/^ term cancels the 
analogous term in the denominator of the left-hand side of f l5.10p . The function e^'^ /w^ which 
shows up in the integrand can be written as e*"'~^'°s"'. This function tw — Nlogw has a 
critical point at N/t. Let Wc correspond to the critical point when X = 0, i.e, Wc = T~^/^A^^/^. 
Set w = Wc + z and observe that 

^tw— Nlogw _ ^tWc+tZ—N \og{wc+z) _ ^tWc—N\ogWc^tz—N\og{l+z/wc) 

By plugging in the value of t and Wc, and expanding log(l + z/wc) around z/wc = we find 

^ ^ f22+X2+0(7V-i/2) 

^rp-l/2j^l/2^N^ 

By deforming the integration contours so as to be Wc + iM. and by standard estimates on the 
decay oi tw — N log w away from the critical point along said contours, we find that in the 
X — )■ oo limit, we are left with e^^ '^^^ (that is after canceling the diverging prefactor with the 
rest of the denominator on the left-hand side of fl5.10p ). The only other term left to consider 
is the Vandermonde determinant, but since it involves differences of variables, it remains 
unchanged aside for having z's substituted for w^s. This proves the limiting formula. □ 

Remark 5.4.3. The above limit result along with the scalings of Section [5.4.11 suggest the 
following formula: For T > and r > 1, 

{Zr{T, X)) = -i— f.J fliz, - z,) n e^^^'^^dz,^ 
where the contours can all be taken to be lR. 
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Proposition 5.4.4. Fix T > 0, X G M, and a drift vector a = (ai, . . . , Oat) = (0, . . . , 0). 

Then for k > 1, 

..a-zb-1 

l<A<B<k ^ ^ j=l 



where the ZA-contour is along Ca + '•R for any Ci > C2 + 1 > C3 + 2 > ■ ■ ■ > Cfc + (A; — 1). 

Proof. This follows immediately from the same type of argument as used in the proof of 
Proposition 15.4.21 but with the role of Proposition 15.2.61 replaced by Proposition 15.2.71 The 
only change is that the contours must be ordered correctly in the asymptotics, which intro- 
duces the ordering above. □ 

Remark 5.4.5. In Section 16^2) we will prove that the above asymptotics correctly gives the 
moments of the CDRP suggested by Section [5.4.11 For T > 0, 

<^-(^-'^''>-(2^/-/ n if^fie"«='^^. (5.11) 

^ ^ -J J \<A<B<k ^ " 3=\ 

where the z^-contour is along Ca + >^ for any Ci > C2 + 1 > C3 + 2 > ■ ■ ■ > + (A; — 1). 
Note that the above formula agrees with the fact that Zn{T,X)/p{T,X)"' is a stationary 
process in X. The stationarity was observed for n = 1 in [1] as a result of the invariance of 
space time white noise under affine shift. This argument extends to general n > 1. 

Let us work out the k = 1 and k = 2 formulas explicitly. For k = 1, the above formula 
gives {Zi{T, 0)) = (27rT)^^/^ which matches p{T, 0) as on expects. When k = 2 we have 



(27ri)2 / J zi — Z2 — I 



2 



[ e^^'^dz^ +777^ / / ^ -e^2'^'^^+'^^Uzidz2 

27ri / (2vr0^ / / 2:1-2:2-1 

-j^ poo / 1 ^ ^ 



T ^2 



2txT Jq \2'in 

1 I 271 r , 



2ttT (27r)2 T 
2^ (l + v^e?<|.(v^) 



where 



$(5) = ^ / e-''/^dt, 
V2^ 



00 



and where to get from the second to third lines we used that since Re(2;i — 2:2 — 1) > we 
may use the linearization formula 



1 

Zl - Z2 
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This formula ioi k = 2 matches formula (2.27) of [12] where it was rigorously proved via local 
time calculations. 

Proposition 5.4.6. Fix T > 0, X G M, and a drift vector a = (oi, . . . , Otv) = (0, . . . , 0). 

Then for /c > 1, > 1 for I < a < k, and Si < S2 < ■ ■ ■ < Sk, 

\ci=l 



a=l \ J \j=l 

where Na = (N^^'^ — SaT^^'^Y ^'^^ ~ Sa) -contour is along Ca + /or any Ci > 

C2 + l>C3 + 2> ■■■>Ck + ik-l), for all J G {1, . . . ,rj. 

Proof. Follows by asymptotic analysis along the same lines as the above results using Propo- 
sition KTEl □ 

Remark 5.4.7. The above limit result along with the scalings of Section 15.4. ll suggest the fol- 
lowing formula: Fix T > 0. Then for > 1, > 1 for 1 < a < /c, and Xi < X2 < ■ ■ ■ < Xk, 

a=l Wi^j J \j=l 

where the 2;Qj-contour is along Ca + lR for any Ci > C2 + 1 > C3 + 2 > ■ ■ ■ > C/,. + (fc — 1), 
for all j G {1, . . . , Tc}. The moment is, of course, symmetric in the order of the X^s - the 
integral however, is not (due to the ordering of the contours in the integral). 

Proposition 5.4.8. Fix T > and a drift vector a = (ai, . . . , qn) = (0, . . . , 0). Then for k 
real numbers Xi < X2 < ■ • ■ < Xk, 



^zf{VTN + x,)\ 1 r r ZA-ZB ir 

where the ZA-contour is along Ca + for any Ci > C2 + 1 > C3 + 2 > ■ ■ ■ > + (fc — 1). 

Proof. Follows by asymptotic analysis along the same lines as the above results using Propo- 
sition [5:2:91 □ 
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Remark 5.4.9. In Section I6l2] we will prove that the above asymptotics correctly gives the 
moments of the CDRP suggested by Section [5.4.11 For T > 0, and Xi < X2 < ■ ■ ■ < Xk, 

\i=l I \ J J J l<A<B<k ^ " i=l 

where the 2;A-contour is along Ca + for any Ci > C2 + 1 > C3 + 2 > ■ ■ ■ > + (A; — 1). 
For example, when k = 2 this formula leads to the spatial two point function 

(Zi(T,0)Zi(T,X)) = ^e-^ (1 + v^e^(^'''-^)'$(^(rV2 _ _x_^^^^ ^ 
or equivalently, 

(Zi(T,0)Zi(T,X)) - (Z,(T,0))(Zi(T,X)) = -^e^(^'''-^)'$(^(TV2 _ 

5.4.3 Fredholm determinant formula for the CDRP 

We present a critical point asymptotic analysis of our Fredholm determinant formula. The 
critical scaling makes the analysis more involved and we do not attempt a rigorous proof 
presently as there remain certain technical issues to overcome before doing so. 

Critical point derivation 5.4.10. Fix T > and a drift vector a = [ai, . . . ,ai\f) = 
(0,...,0). Then, for u = s exp{-N - ^N^/^ - N \og{T^/^N-^/^)} , 

lim (e-"^"(v^)) = det(J + i^,e--/-)L2(o,oo) 

where det(/ + Kg) is the Fredholm determinant with kernel 

where kt = 2-'^'^T'^/^ . 

Remark 5.4.11. The above critical point derivation is made rigorous in [17]. Assuming the 
above result it follows rigorously from the results of [72] explained in Section 15.4.11 that 

(e-^^"^"^(^'°)) = det(J + K.). 

This Laplace transform can be inverted and doing so one recovers the exact solution to the 
KPZ equation which was simultaneously and independently discovered in [H |88] and proved 
rigorously in [4]. Soon after, [26] derived this same Laplace transform through a non-rigorous 
replica approach. From [1] one can easily provide a rigorous proof of the above stated formula. 
The T/24 which shows up is the law of large numbers term for the KPZ equation. 



/ s 

I -Ai(t - r)Ai(t - r')dt 
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Derivation. It may be helpful to the reader to first study the proof of Theorem 14.1. 46[ 
especially the critical point derivation which can be found at the beginning of the proof. 
The mine- field of poles (coming from the r(— s)r(l + s) term) which one encountered in 
performing the asymptotics does not get scaled away. In the GUE asymptotics, only the pole 
at zero remained relevant in the scaling limit. In the present limit the poles at every integer 
contribute non-trivially in the limit as we will see. 

The idea will be to manipulate the kernel of the Fredholm determinant into a form which 
is good for asymptotics and then to (naively) take those asymptotics, disregarding a plethora 
of mathematical issues (such as poles and tail decay bounds). 

We will start from the formula given by Theorem 15.2.101 with all = and u as specified 
in the statement of the result we seek to prove. The first manipulation is to change variables 
to set w = V + s. This changes the contour of integration for s to a somewhat odd contour 
for IV. As this is a formal derivation, we will disregard restrictions on how this contour can 
be deformed and hence not specify it. 

Now recall the identity 



which, for instance, can be found in |1] page 19. Of course one must restrict the set of z for 
which this holds, but again we proceed formally, so let us not. Using this we can rewrite our 
formula in terms of the kernel 





oo 



se 



{•w—v)t 



) 




K{v, v') = 



s + e' 



dt 



dw 



— oo 



where 





where 



G{z) = \ogT{N'/h) + z + z^N-'/^ + zlog(/32iV-V2) _ |^2_ 



For z near infinity we have the asymptotics 



logr(2;) = zlogz- z + -[-logz + \og2n]+t— + 0{z ^). 



Plugging in this expansion to our formula for G it follows that 



G{z) 



zlogz + zlogP^ - ^z^ + N-^/^ -\\ogz + ^z 
+iV-i— + 0(iV-2) + A^-i/2(-i log + log 
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Observe that z log z ^ z log — ^z^ has a critical point at ^ = at which the second 
derivative also disappears. Therefore we expand each grouping of terms in Gi^z) around this 
point. Call all order 1 terms G\{z\ all order N"^!"^ terms 6*2(2), and the A^~^ term G'^i^z). 
Observe then that 

= + o((.-rY), 

G^{z) = log(3 + ^ + ^{z-(3-'? + 0{iz-r'f), 

Now make the change of variables z = N^^'^{z — and we find 

G{z) = c + N-^'^G{z) + 0(iV-2), 

where 

Giz) = z H z z . 

^ ' 12 4 6 

The constant c can be explicitly written, but is inconsequential as we ultimately have a ratio 
of G functions and hence this cancels. 

Returning to K we perform the change of variables w = N^^'^{w — and likewise for 
V and v' . This yields (after an additional change of variables in the t integral) 

ry,^ [ ( r se^"^-^^' \ 1 exp{G(i))} 

J \J-oo s + e* j w - v' ey.Y>{G[w)\ 

Let us momentarily consider the contours. The w and v contours about should be such 
that Re(t& — ■?)) G (0, 1). In the limit we would like them to become infinite lines parallel to 
the imaginary axis, such that Re(w — -0) G (0, 1). 

Taking stock of what we have done so far, our Laplace transform is given by det(/ + K) 
with the contours and kernels as specified above. Let us no longer write the terms in the 
exponent which go to zero, and rewrite our kernel without any hats or tildes as 

00 {w-v)t \ ^ exp{F(t;)} , 

dt \{ dw. 



00 



s + e* / w — w' exp{F(w)} 



where 



F{z) = -^{2z^ -?>z^ 



12 

If we replace w hy w + \ and likewise for v and v' the formula for F reduces to 



F{z + \) = -^^Mz^-z) 
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so that we get 

—at -3 ^ — dw. 

00 s + e* y u;-w'exp{-^M;3 + Ijw} 

Now since Re(w — f ') > we can substitute 

r"00 



1 



e 







Inserting this in, we find that the kernel K is given by 



00 {w-v)t \ rco Q^-pf^yS ^ |1 I 



00 



24 

This can be factored as = ABC where 

A : L2(0, 00) ^ L\C„), B : ^^(C^) ^ ^^(0, 00), C : ^^(a,) ^^(^ 
are integral operators given by their kernels 

A{v,r) = e"™, B{r,w) = e' 

POO 

C{w,v) = / dt- 



rw 



°° s exp{-l^v^ + - tv - r'v} 



■5 + exp{ — + — tw — rw} 



The and Cy represent the contours on which these act. 

Now observe that det(J + ABC) = det(/ + BCA), where BCA{r,r') acts on L^{0,oo) 
with kernel 

J dt ^ t '^^6^P{~^'^^ + li"^ ~ ^"^ ~ c^^expl^w^ — + + rw} 

These two interior integrals can be expressed as Airy functions after a change of variables. 
The resulting expression is exactly that of the kernel Kg^-T/24{r,r'). □ 

5.4.4 CDRP directly from g-TASEP 

We present a soft argument for why g-TASEP should be related to the stochastic heat equa- 
tion. 

Recall that that particles of g-TASEP evolve according to a Markov chain with the rate 
of increase of xat by 1 equal to (1 — q^n-i-xn-i^ assume that initially xi > X2 > ■ ■ ■ ■ 
Then the update rule will preserve the order. Consider the scaling 

g = e"', t = e~'^T, + /c = e^V - (A; - l)e"Moge"^ - e"^?/^, k > 1. 
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In a time interval dt = e "^dr (small in the rescaled time r but large in g-TASEP time t). 
Then the change in xn over the time interval dt is equal to the jump rate 

that remains approximately constant over dt, multiplied by the number of Poisson jumps 
over dt. The latter can be thought of as approximately e~'^dT + e~^(i?/vr(r + dr) — Bj^^dr)), 
where i? at is a Brownian motion which comes from the limit of the centered Poisson jumps 
of the clock from particle A^. Thus, 



e 



'"^dr - e ^ (?/Ar(r + dr) - yN{r)) = XN{t + dt) - XAr(t) 
= (1 - ee^^-i-^~) {e^^dr + e^^B^ir + dr) - fiAr(dr))). 

Terms of order cancel, and collecting terms gives 

c?/iv ^^(^ + ^^) -y^i^) ^ ^VN-i^VN ^^N^r + dr) - B^idr)) 
dr dr 

or after rearranging and taking dr 0, 

dr 

Note that this equation is satisfied by the O'Connell-Yor partition function by setting e^^(r) = 
Z^(r). If we pass to = e~'^Z^, which means that Z^ is the expectation of Poisson point 
paths taking — 1 jumps from time to r, then 

-^Z^ = (Z^-i-Z^)-B;v(r)Z^. 
dr 

This is a discretized version of the stochastic heat equation with multiplicative noise, and a 
further limit reproduces the continuum stochastic heat equation. 

This also suggests the existence of a microscropic Hopf-Cole transform for g-TASEP, 
similar to that of [l2] for ASEP. This transform and the analog to the work of [131 H] will be 
the subject of a subsequent work. 

At this point, however, we would like to figure out the scaling that takes g-TASEP to 
the stochastic heat equation. This can be done by studying under what scalings the integral 
representations for moments of g-TASEP converge to those for the stochastic heat equation. 
Recall that x^it) = — A^ is the location of particle A^ at time t where initially for A^ > 1, 
xn{0) = —N. Let us assume all g-TASEP speeds = 1. 

Proposition 5.4.12. Consider the following scaling limit of q-TASEP. Let q = and 
r := eH'^/N. Let e 0, t oo and N oo so that < t < e^^, A^ < e~^, and r has a 
limit. Define ^^^(t) by 



N 







log 


(t) 







-e-Hoge-' + e-'i^^\r) 
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Then for any k > 0, 



lim /e-'^^-'W 



k 

J- 1 7 TT Za-Zb TT 



^ ^ 1<A<B<A,' i=l 

where the ZA-contour is along Ca + lM. for any Ci > C2 + 1 > C3 + 2 > ■ ■ • > + (A; — 1). 
Note that the right-hand side is as in Remark \5.4-5\ or Proposition \6.2.3\ (with all x's set to 
0). 

Proof. We start with Proposition 13.1.51 which shows 

where 2;j-contour contains {g^j+i, . . . , qzk, 1} and no other singularities, and where 

F{z) = {q- l)tZj - iVlog(l - z). 

We will perform steepest descent analysis. The exponential function F{z) has a critical point 
at Zc such that F'{zc) = 0. This is solved by 

N 



(l-g)t 

With our assumptions we have 

N eH^T _ ft 
(1 - q)t ~ V' 



1-z, 



c 



whence e ^ 1 — ^ 1. We will deform the contours to form longer (in e scale) stretches 
of vertical lines near Zc with distance of order e between the lines. The standard steepest 
descent type arguments allow to estimate away the contributions away from z^. Let us do 
the change of variables 

Wj = e~^{zj - Zc), j = l,...,/c. 

Note that under this change, — goes to ^'^"'^ which behaves like edwj for e small. This 
account for the loge^^ term in the scalings. We have 

za - zb e{wA - wb) wa - wb 



ZA-qzB e{wA- Wb) + {I - q)izc + 0(e)) wa- wb + I + o{l) 



Fiz, 



FiZr 



^F"{z,){ew,f + lot = ^-J^^w^ + lot 
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(where lot represents lower order terms) and finally 

= {q - l)t + Nt-N log (^^{l + 0{e))^ 

Hence, 

and substituting into the formula for (g'^'^Sv ' ) and changing the signs of the integration vari- 
ables {wj}, we obtain the desired relation. □ 

The above proposition provides the time and fluctuation scaling for g-TASEP to the 
stochastic heat equation, however it does not give the spatial scaling. For the stochastic 
heat equation we have joint moments, but not for g-TASEP, so a similar calculation can not 
presently be made. The spatial scaling should also come up naturally from the rescaling of 
the g-TASEP dynamics (after the microscopic Hopf-Cole transform) necessary to converge 
to the stochastic heat equation. We pursue this in a subsequent work. 
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Chapter 6 



Replicas and quantum many body 
systems 

6.1 Replica analysis of semi-discrete directed polymers 
6.1.1 The many body system 

Consider an infinitesimal generator L for a continuous time autonomous (time-liomogeneous) 
Markov process on Z and independent Z-indexed one dimensional white noises {W{-,i)}i^i 
where the ■ represents time (which varies over M+). We can define a directed poljTiier partition 
function Zi^pit, x) as 



ZlA^^ ^) = Enio)=o '^(7r(t) = x) exp | j (3W{s, 7i{s)) 

where 6 is the Kronecker delta, and the expectation is with respect to the path measure on 
7r(-) given by the trajectories of the continuous Markov process started at with infinitesimal 
generator given by L. There is a polymer measure for which this is the partition function 
- it is the reweighting of the above mentioned path measure with respect to the Boltzmann 
weights given by exp | /3IV(s, 7r(s))|. In Section 15.2.41 we saw that, via the Feynman- 
Kacs representation and time reversal, this provides a solution to an initial value problem 
dtU = L*u — Vu with L* the adjoint of L (resulting from the time- reversal). 
Define 

^L,/3(x;t) = (|n^L,/3(t,X,)^, (6.1) 

where (■) denotes the average with respect to the white noises. 

Define to be the set of all k paths vf = {vrj(-)}^^^ which, at time t are such that 

7ri(t) = Xi and 71^(0) = for all 1 < i < k. Denote W{s, 7r(s)) = Y!1^i T^i{s)). Then 

ZLA^;t) = j^^ dTf^expj^ /3iy(s,7f(s))| 
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The outer integral is with respect to the Lebesgue measure on 

Remark 6.1.1. Any finite range generator L can be written (possibly, using time homothety) 
via its action on functions / : Z — )■ M as 

^/(a:) = 5^pj(x + z)-/(x), (6.2) 

is/ 

where pi > 0, ^i^jPi = 1, and J is a finite set such that = for i ^ I. These pi represent 
the jump rates of the process from x to x + i. The adjoint of L is denoted by L* and given 
by 

L*9{x) = ^Pi9{x -i)- 9{x), 

so that {Lf,g) = {f,L*g) where (/,(?) = J2xez f(^)9(-^)- "^^^ adjoint generator corresponds 
to running the process backwards and accounts for the reversal in the jump directions: pi 
is now the jump rates of the process from x to x — i. The fc-fold tensor product of these 
generators is defined by its action on functions / : Z'^ — t- M via 

k 

L*'''f{xi, . . . = ^^Pif{xi, ...,Xj + i,...,Xk)- kf{xi, . . .,Xk). 

The O'Connell-Yor semi-discrete directed polymer corresponds to the generator 

Lf{x) = f{x + l)-f{x), (6.3) 

whereas the parabolic Anderson model corresponds to the generator 

Lf{x) = |/(x + 1) + i/(x - 1) - fix). (6.4) 

That is to say, in the first case, the continuous time random walk only increases at rate one, 
whereas in the second case, the continuous time random walk is simple and symmetric. 

Remark 6.1.2. The following result is not new (cf. pTj Theorem 2.3.2) but we include a 
proof below for completeness. 

Proposition 6.1.3. Assume L is of the form Ii6. 2\) . For k > 1 and x G Z*^, ZL^p{x;t) is a 
solution to the following many-body system: 

1 ^ 

dtu{x] t) = Hu{x] t), where H = L*''' + -(3^ ^ 6{xa - Xb) 

a,b=l 

with L*'^ is the k-fold tensor product of the adjoint of L, subject to the initial condition 

k 

ZLA^;0) = l[6ixi = 0), 

1=1 

and the symmetry condition that u{ax; t) = u{x; t) for any permutation a ^ Sk- 
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Proof. This result relies heavily on the fact that the random environment given by the white 
noises W{-, i) is Gaussian. It is the Gaussian nature of the noise which makes the interaction 
term ^^^=1 ^{^a — Xb) only two-body (i.e., only involving pairs of two variables rather than 
more). The essence of the proof is to consider a small change in the time and to derive 
the differential effect of this dt change on Zi^^'i t)- Since the jumps of 7r(-) are determined 
by Poisson events at rates Pi, the probability of multiple jumps is sufficiently unlikely. This 
makes the analysis easy since we can separately consider the small pidt probability of different 
jumps, without considering the effect of their joint occurrence. 

The symmetry condition is clear. In order to prove the evolution equation, consider the 
differential increment of time dt and for simplicity of notation we will now write (recalling 
the notation introduced after (16. ip ) 

c = {(^^l,+,,)^nfi|,}. 

The set A represents paths which are at x at time t and at time t + dt; set B represents paths 
at X at time t but not at time t + dt; and set C represents paths at x at time t + dt but not 
at time t. Observe then that 

= AUB and, QJ, = AuC. 



Therefore 
where 



ZlA^; t + dt)- ZlA^- t) = (1) + (2) - (3) - (4), 



(1) = j dTrUxplj (3W{s,n{s))ds + pW{s,n{s))ds 

(2) = j rf7f/exp|y [5W{s,^{s))ds + pW{s,^{s))ds 

(3) = y c/vf ^exp 1^ /3iy(s,^(s))c/s|^ 

(4) = f dn/exp!. [ /3W{s,7r{s))ds 



Jc \ IJO 

Now we use the independence of the intervals of the white-noise as well as the fact that 

'expS^j' (3iW{s,x)ds^'^ = e^^'^'('-'^). 
The first term of the four above can be rewritten as 



f dn { ^ 

-j^-^ZLAx;t)exp I \l3^dt 5{xa 



Xb) 

a, 6=1 
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The last part of the above expression deserves explanation: On the event A, all particles stay 
in the same place for the time dt. This means that the contribution from the exponential of 
the integral of the white noise from t to t + dt needs to take into account how many particles 
are at the same place. The contribution we get is the square of this number, summed over 
all clusters of particles. The above expression in terms of 6{xa — Xb) is conveniently the same 
as this. This is why Gaussian noise produces two-body interactions, and no more. 
Thus, up to an 0{dt^) correction, the first term is 



r k 

+ kP"^ V ^{^a - Xb)dt + Oidt 



Turn now to the third term and likewise express it as 



(3) = Zi,^(f;t) 
Thus 



:i) - (3) = Yl -^(^^ - ^^)^^ + ^(^^') 



a,6=l 



The second term can be expressed as 

^ ^ dn _ { ^ 1 

(2) = ^ ^ l^'-' ZlASj,-^. t) exp <^ \(3Ht K^a -Xb)\+ 0{de), 

i=l ie/ J^3;t ^ I a,b=l ) 

where Xj^i = {xi, . . . ,Xj-i,Xj + x^+i, . . . , x^) and Bj^i is the event that 7f(t) = Xj^i and 
7T{t + dt) = X (which partitions B up to an error of 0{dt^) which comes from two jumps in 
the interval dt). Now observe that 

= Pidt + 0{dt^) 

x;t 

due to the fact that up jumps from xj — i to Xj occur at rate pi and in a short interval dt by 
probability of more than one such jump is 0{dt^). Therefore we have 

k 

(2) = ^^p,Zz.,^(f,-_i;t)rft + 0(dt2), 
j=i i&i 

where the exponential term also disappeared since it was 1 + 0{dt). The minus sign in front 
of i above is where the adjoint L* comes in. Likewise one shows that 

k 

(4) = Y,ZLA^;t)dt + 0{dt^). 

1=1 
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Combining (1) + (2) - (3) - (4) shows that 

— = HZl,p{x] t) + 0{dt)ZL,p{x] t). 

As dt goes to zero (due to a priori boundedness of Zl^is{x; t)) and hence this converges to the 
desired relation dtZLp{x;t) = HZ^jj^x^t), This proves the proposition. □ 

6.1.2 Solving the semi-discrete quantum many body system 

Proposition 16.1.31 gives us a way to check the previously derived formula fl5.2.7p for the k-th 
moment of the O'Connell-Yor semi-discrete directed polymer: ^nf=i '^i^i^i^- Observe that 
for the generator L in fl6.3p . and /3 = 1 



ZL,i{N-t) = 




The reason for the e~^^ factor is that in the definition of ZL^i{N;t), the averaging is with 
respect to a Poisson process 7r(-) whereas in Zf^' (t) the averaging is over the simplex of volume 
t^~^/{N — 1)!, not e~^t^~^ /{N — 1)! as the Poisson process dictates. 

Inspired by the form of Proposition 15.2.71 one may write down an ansatz for the solution 
to the many body problem in Proposition 16 . 1 .31 which will give us a formula for Zl^i{N] t). 

Proposition 6.1.4. Fix L as in / 1 6'. c/)) and k > 1. For N = {Ni, . . . ,Nk) such that Ni > 
N2 > ■ ■ ■ > Nk, the following integral solves the many body problem given in Proposition 
\6.1.3\ but with initial condition given by delta functions at 1 rather than 0: 

^ ^ ^ •> \<A<B<k ^ ^ j=l 

where the Wj -contour contains {wj+i + 1, ■ ■ ■ ,Wk + 1,0} and no other singularities for j = 
l,...,k. 

Remark 6.1.5. This integral formula is only valid on the subspace where Ni > N2 > ■ ■ ■ > 
and must be extended outside that subspace by symmetry. Its value when the A'^- are 
unordered does not give the polymer moment. By taking all of the Nj = N we recover a 
proof of Proposition 15.2.71 

Remark 6.1.6. The solution to the many body system which corresponds to the moments 
of the parabolic Anderson model with delta function initial data can also be written in 
terms of the above ansatz. The argument of the exponential reflects the Fourier transform 
of the generator and hence the term e*"' is replaced by e*^""^"^ In fact, there is a fairly 
general ansatz at play here which allows for general generators of L and two body boundary 
conditions. 
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Proof. We need to check the initial condition and the evolution equation. Let us start with 
the initial condition. When t = the formula gives 



^ ' -J -J l<A<B<k ^ " j=l 

The contour for wi can be expanded to infinity without crossing any poles except possibly 
at infinity. If A'^i = 1 there is a first order pole at infinity for wi, and for A^^i > 1 there is 
no pole. Thus if A'^i > 1, Zli{N;{]) = 0. This shows A^^i < 1. Likewise, we can collapse 
Wk to zero. Doing this we find the Zl^i{N]0) = unless A^^ > 1. Combined this implies 
Ni = ■ ■ ■ = Nk = 1 gives the only nonzero contribution to Zl^i (which can be checked to 
equal 1). 

We now turn to the proof that the evolution equation is satisfied by this integral formula. 
Let us first assume all Nj are distinct. Taking the time derivative of Zl^i{N] t) we can bring 
the differentiation inside the integrals to show that 



^ ^ i<A<B<k ^ " j=l 

On the other hand, one immediately checks that the effect of applying the discrete derivatives 
to Zl^i{N; t) also brings down a factor of Wj — 1 for each j = 1, . . . , k. Summing these factors 
up gives Wi + ■ ■ ■ + Wk — k. From this we must subtract ^k due to the fact that the k of 
the terms in the delta interaction are 1 (i.e., when a = b). Thus the effect of applying the 
Hamiltonian H to Zla{N; t) is to introduce a factor oi wi + ■ ■ ■ + Wk — ^ in the integral. This, 
however, matches with the formula we got from taking a time derivative, and hence implies 
the evolution equation holds. 

When the Nj are not all distinct, the argument becomes slightly more involved. Assume 
that the Nj form several groups within which each A'^- has the same value. Each group can 
be treated similarly so let us consider the group of A^i: A"! = A'^2 = ■ ■ ■ = A^m = for some 
1 < m < k. We now make a basic observation: 

Lemma 6.1.7. For any i = 1, . . . , k — 1, and any function of k variables /(tfi, . . . , Wk) such 
that f{wi, . . . , Wi, Wj+i, . . . Wk) = f{wi, . . . , Wj+i, Wi, . . . Wk) (i.e., symmetric in the i variable), 

k 

\<A<B<k ^ ^ j=l 

where the Wj-contour contains {wj+i + 1, ■ ■ ■ , + 1, 0} and no other singularities for j = 
l,...,k. 

Proof. The Wi — Wi+i — 1 factor cancels with one term in the denominator of the product 
over A < B. This kills the pole for Wi associated with Wi+i + 1. This means that we can 
deform the Wi contour to the contour. We can then relabel to switch the labels of Wi and 
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Wj+i. This does not change the value of / (due to its symmetry). On the other hand, due to 
the anti-symmetry of the Vandermonde determinant, this results in sign change and nothing 
more. The upshot of the asymmetry is that this shows that the integral we are considering 
is equal to its negative, and hence zero. □ 

Applying this lemma, it follows that multiplying the integrand by wi + ■ ■ ■ + Wm has the 
same effect as multiplying it by 

/ 1 \ / m(m — 1) 
(Wm + m - 1 + (Wm + m - 2 H + Wm = mwm H • 



Multiplication by Wm is equivalent to reducing one of the number A'^i, . . . , Nm by one. One 
the other hand, letting Vjf{N) = f{N — 1) — f{N), one sees that applying Vj + 1 for 
1 < j < m also has the effect of reducing one of A^^i, . . . , Nm by one. Thus, multiplication of 
the integrand by {wi + ■ ■ ■ + Wm) is equivalent to 

v^/„ N m(m — l)\ - 

+ 1) + ^ ^ Z,,,{N; t). 

In addition to the sum wi + ■ ■ ■ + Wm, differentiation with respect to t also introduces an 
additional — ^ (for each grouping of equal A^'s). Thus we get 

m 2 \ 

Ev, + ^UL,i(iV;t). 
vi=i / 

Note that for a grouping of size m of equal A^'s, the term ^^^^(Aa — A";,) = m^. Thus, 

summing these over each grouping of each A^'s we find that this is equivalent to HZl,i{N] t), 
as desired. □ 

6.2 Delta Bose gas and the continuum directed poly- 
mer 

Let = {xi < X2 < ■ ■ ■ < xn} be the Weyl chamber. 

Definition 6.2.1. A function u : x ]R+ — )• M solves the delta Bose gas with coupling 
constant k G M and delta initial data if: 

• For X e W^, 

dtu = |Am, 

• On the boundary of W^, 
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and for any / G /.^(W^) n C(W^), as t ^ 

N\ I f{x)u{x;t)dx ^ f{0). 



When K, > this is called the attractive case, whereas when k < this is the repulsive case. 
By scaling one can assume k = ±1. 

Note that the boundary condition is often included in PDE so as to appear as 

dfU = ^Au + 6{xi — Xj)u. 

Remark 6.2.2. It is widely accepted in the physics literature that the moments of the CDRP 
correspond to the solution of the attractive delta Bose gas. We will state this correspondence 
below, but note that we do not know of a rigorous mathematical treatment of this fact. One 
approach to such a rigorous proof would be to smooth out the white noise in space and then 
observe that the moments solve the Lieb-Liniger many body problem with smoothed delta 
potential. It then suffices to prove that the smoothed moments converge to the moments 
without smoothing and likewise for the solutions to the Lieb-Liniger many body problem. In 
the case N = 2 this is treated in [5], Section 1.3.2. 

Fix > 1 and fix x = (xi, . . . ,xn) G M^. From the above discussion we expect that 

\j=i 

solves the attractive delta Bose gas with coupling constant k, = 1 and delta initial data. This 
fact can be checked when N = 1,2 from [12] as we did in Remark I5.4.5[ 

From the moments of the CDRP one might hope to recover the polymer partition func- 
tion's distribution function. However, the moments grow far too fast to uniquely characterize 
the distribution hence no such approach could be mathematically rigorous. The same issue 
occurs at the level of the O'Connell-Yor polymer. Nevertheless, by summing strongly diver- 
gent series coming from moment formulas, [22] and [3B] were able to recover the formulas of 
[U EH] • In some sense, g-TASEP provides a regularization of these models at which level the 
analogous series are convergent and the moment problems are well-posed. 

Proposition 6.2.3. Fix N > 1. The solution to the delta Bose gas with coupling constant 
ft G M and delta initial data can be written as 

- / ■ ■ ■ / .^,n „ if^^' n 

where the Zj-contour is along aj + lM. for any ai > a2 + > + 2i% > ■ ■ ■ > + (iV — !)«. 



155 



Proof. We will first check the PDE for x = (xi < X2 < ■ ■ ■ < Xn) (i-e., x G W^) and 
t > 0, and then the boundary condition and finally the initial condition. For x G we 
may compute dtu{x] t) by bring the differentiation inside the dz integrals (as is justified by 
the ample Gaussian decay). This has the effect of introducing a new multiplicative factor of 
I SjLi -^i integrand. Likewise we may compute |Au(x; t) by differentiating inside the 

integral which also leads to a factor of | Ylj^=i ^| integrand. Since the two resulting 

expressions coincide, the PDE is satisfied. 

In order to check the boundary condition observe that if we apply {dxi — <9xj+i — k) to 
u{x; t) this introduces a factor of {zi — ZiJ^i — k) in the integrand and the remaining argument 
is as in the proof of Lemma 16.1.71 above. 



The initial condition requires a little more work to prove. Fix a function / G L^(W^)n C(W^), 
(and set f{x) = fXcrx) for all permutations a G S^) and assume t > 0. Compute 



/ u{x;t)f{x)dx = ^ J) ■■■ J) TT — ^^e'^^^=^'^f{-LZi,...,-iZN)t[dzj, 



1<A<B<N 

where f{zi,...,Z]\f) is the Fourier transform 



f N ^ 



i=l 

Observe that 

n ^^^= n (1+ — - — )■ (6-^) 

1<A<B<N ^ ^ 1<A<B<N ^ i\ a / 

This product can be expanded, and there is a single term which has no denominator and is 
just 1. That term leads to 

N 



(27ri) 



^ j) ■■■ j, 'UX-^Zi, -lzn) Yl dzj. 



As there are no poles in Zj we can deform all contours back to lM. and then take t = which 
results in ^ 

f{-iZ^^...^-iZj,)\{dz^. 

This is just the integral of the Fourier transform and therefore equals /(O). Since we are 
trying to show that J^j^ f{x)u{x;t)dx — )■ /(O) as t — 0, it now suffices to prove that all of 
the other terms in the expansion of the product (16. 7p have contribution which goes to zero 
as t — 0. We will do this for u{x] t) directly (rather than its Fourier transform). 
Besides the term 1 dealt with above, the expansion of ( 16. 7p involves terms 
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where is a non-empty subset of {{A, B) : 1 < A < B < N} and k = \K\. Let v = a;/||x|| be 
the unit vector in the direction of x. Deform the 2;j-contours to he along —t^^^'^vj + lR (due 
to the ordering of coordinates of x and the Gaussian decay near infinity, this deformation 
can be made as long as t is small enough so that no poles are crossed in deforming). Change 
variables so that Wj = t^^'^Zj. Thus 

Due to the choice of Wj-contours, Re(x ■ w) = — and so by taking absolute values we get 



N 

^ ' (A,B)eK ^ ^ j=l 

Since the integral is now clearly convergent and independent of x we get 

for some constant C > 0. 

For any function / G L^(W^) nC(W^) we may compute the inner product with and 
by Cauchy-Schwartz we find that, after changing variables x = t^^'^y, the inner product is of 
order t^/"^. Since A;=|-ft'|>l, ast— )-0 these terms disappear for all non-empty K. Since 
these terms account for the other terms in the expansion of the right-hand side of (16 .yp this 
shows that only the delta function coming from the empty K plays a role as t — t- - thus 
completing the proof of the initial conditions. □ 

Remark 6.2.4. Inserting a symmetric factor F{zi^ . . . , z^) into the integrand of the right- 
hand side of (16. 6p preserves the evolution equation and boundary condition, but leads to 
different initial conditions. 

Remark 6.2.5. One should note that the above proposition deals with both the k > 
(attractive) and k < (repulsive) delta Bose gas. This reveals a symmetry between the two 
cases which to our knowledge was not previously observed in the literature. For instance, 
this symmetry is not apparent in the eigenfunction expansion for u{x\ t) which is provided 
via the Bethe Ansatz. 

An alternative and much earlier taken approach to solving the delta Bose gas is by demon- 
strating a complete basis of eigenfunctions (and normalizations) which diagonalize the Hamil- 
tonian and respect the boundary condition. The eigenfunctions were written down in 1963 
for the repulsive delta interaction by Lieb and Liniger [BB] by Bethe ansatz. Completeness 
was proved by Dorlas [H7] on [0, 1] and by Heckman and Opdam [50] and then recently by 
Prolhac and Spohn (using formulas of Tracy and Widom |100j ) on M (as we are considering 
presently). For the attractive case, McGuire [71] wrote the eigenfunctions in terms of string 
states in 1964. As opposed to the repulsive case, the attractive case eigenfunctions are much 
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more involved and are not limited to bound state eigenfunctions (hence a lack of symmetry 
with respect to the eigenfunctions). The norms of these states were not derived until 2007 in 
[25] using ideas of algebraic Bethe ansatz. Dotsenko [38] later worked these norms out very 
explicitly through combinatorial means. Completeness in the attractive case was shown by 
Oxford [15 , and then by Heckman and Opdam [50], and recently by Prolhac and Spohn [86] . 

The work [66l I100[ [38 ] [26 ] [86] provide formulas for the propagators (i.e., transition prob- 
abilities) for the delta Bose gas with general initial data. These formulas involve either 
summations over eigenstates or over the permutation group. In the repulsive case it is fairly 
easy to see how the formula of Proposition 16.2.31 is recovered from these formulas. 



Remark 6.2.6. The reason why the symmetry which is apparent in Proposition 16 . 2 . 31 is lost 
in the eigenfunction expansion is due to the constraint on the contours. In the repulsive 
case K < and the contours are given by having the ^^-contour along aj + lR for any 
cti > a2 + K, > 0^3 + 2k > ■ ■ ■ > a^v + (A^ — l)/t. The contours, therefore, can be taken to 
be all the same. It is a straight-forward calculation to turn the Bethe ansatz eigenfunction 
expansion into the contour integral formula we provide. The attractive case leads to contours 
which are not the same. In making the contours coincide we encounter a sizable number of 
poles which introduces many new terms which coincide with the fact that there are many 
other eigenfunctions coming from the Bethe ansatz in this case. 

For the attractive case, the following proposition (which is a degeneration of Proposition 
13. 2. H and can be proved similarly) provides a way to turn the moment formula of Proposition 
16.2.31 into the formula given explicitly in Dotsenko's work [38] . 

Proposition 6.2.7. For an entire function f{z) and k > 1, setting 
1 f /" -i-r Za-Zb fizi)---f{zk) 



n 

l<A<B<k 



za - Zb 



Zi - ■ ■ Zk 



dzi ■ ■ ■ dzk 



we have 



E 



Ahfc 
A=l"'i2™2... 



mi\m2\ ■ ■ ■ 



(27rO^W 



det 



\i + Wi — Wj 



£(A) ^(A) 

n /K)/K+i) ■■■/(%+ A, 



l)dw 



31 



where the Zj-contour is along aj + for any ai > ^2 + 1 > tts + 2 > ■ ■ ■ > + (A; — 1) 

Remark 6.2.8. The contour integral formulas used to solve the quantum many body systems 
in Proposition 16.2.31 and Proposition 16 . 1 .41 should be understood as coming about from a more 
general contour integral ansatz. The correspondence is as follows. Consider a many body 
system which evolves in a Weyl chamber according to a certain PDE and has delta function 
initial condition. Assume it also has a boundary condition on the boundary of the Weyl 
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chamber involving consecutively labeled particles. Then an ansatz for the solution is an 
A^-dimensional contour integral in zi,...,zn which involves three terms. The first term is 
exp(^ ■ x); the second term is the exponential of the Fourier transform of the PDE generator 
applied to z; the third term is a product for l<A<B<Nof {za — zb) divided by a term 
which is chosen to cancel for i, i + 1 when the corresponding boundary condition is checked. 
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Index of notation 



A, 26 
Y, 26 
^, 26 
A U Dfc, 27 

Sn, 27 

mx, 27 
Sym, 28 
CA, 28 
hx, 28 
PA, 28 

Px{x), Pa, 29 
Qa, 29 
gr, 29 

n(a;;?/), 30 
31 

V^a/m, 31 
^a/m, 31 

<^A/M' 31 
V^V,, 31 
<5a/m, 32 
i^A/^, 32 
n(n;p), 34 
Oj, 34 
A, 34 
7, 34 
Y(p), 35 
W(A,/i), 35 
n(pi;p2), 35 

M(p^,...,p^„i;pr.---.Pw). 36 
MM(p+;p-), 36 

^M{p+,...,p+_,;p-,...,p-)^ 36 
Em(p+,...,p+_,;p^,...,p-)' 36 

(■)m(p+,...,p+_,;p-,...,p^)' 36 
IPmm(p+;p-), 36 



asc 

(ai, . . . ,aN;p), 37 



IEmM(p+;p-), 36 

(■)mm(p+;p-), 36 
M 

d;, 38 
d;, 39 

pip, 43 
pI, 43 
q\ 44 
Y(fc), 46 
P„,p(z/||A,p),46 
Af(^), 47 
^<., 47 
q, 48 

£lr, 48 

(a;g)„, 50 
(a;g)oo, 50 
[n],!, 50 
Ugl, 50 

a),, 50 
eg(x), 51 
Eg{x), 51 
r,(x), 51 

J, 53 



^T^'+'^P,^,), 53 
Masc,t=o{ai, . . . ,aN;p), 53 
MMi=o(ai, . . . ,aAr;p), 53 
^A,+ife+i), 78 

Qxe+i 79 

m£+i(A^+i), 79 
80 

c^fe+i), 80 
m(e), 82 
^(e), 82 
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Uy,e), 82 

OriXj^), 91 

W(,..), 91 
WM(,,,), 91 
r(r), 101 
£, 102 
H, 102 
^(z), 114 
/«, 114 
114 

g., 114 

aW(a.„,„), 121 

^Q,n(2lAf)' 1^1 

aWM(„.,,„), 121 
129 

Z^(t), 129 
Z^(t), 129 
F^(t), 129 
Zn{T,X), 136 
: exp :, 136 
nfiX), 136 
W^, 154 



Index 



a-Whittaker measure, 11211 
ct-Whittaker process, 11211 

continuum directed random polymer, 11351 
partition function hierarchy, 11351 
Wick exponential, 11361 

Diagamma function, 11141 
difference operator 

Macdonald, [38] 

shift, M 

directed polymers in a random media, 11271 
Boltzmann weight, 11271 
Hamiltonian, 11271 
intermediate disorder, 11371 
KPZ renormalization fixed point, 11291 
longitudinal fluctuation exponent, 11281 
quenched, 11271 
strong disorder, 11281 
transversal fluctuation exponent, 11281 
weak disorder, 11281 

Feynman-Kac representation 

continuous space, 11361 

discrete space, 11331 
Fredholm determinant, [61] 

Gelfand-Tsetlin condition, [53] 

Hall polynomials, [52] 

inverse-gamma distribution, 11351 

Kardar-Parisi- Zhang equation, 11361 
narrow wedge initial data, 11361 

Littlewood-Richardson coefficients, 132] 
log-gamma discrete directed polymer, 11341 



free energy hierarchy, 11341 
lattice path, 11341 

tropical RSK correspondence, 11351 
weight, [T3l 

Macdonald measure, [36] 
Macdonald process, [36] 

ascending, [37] 
Macdonald symmetric functions, [29] 

Cauchy identity, [30] 

combinatorial formula, [5^ 

difference operator, [38] 

index- variable duality, [12] 

involution, [29] 

Piere formulas, 

polynomial, [30] 

scalar product, [29] 

skew, [32] 

torus scalar product, [30] 
many body system 

Bethe ansatz, 11571 

continuous space, 11541 

delta Rose gas, 11551 

discrete space, 11481 
multivariate Markov chain, W5\ 

continuous time, [M] 

sequential update, [45] 

O'Connell-Yor semi-discrete directed polymer, 
energy, 11291 

free energy hierarchy, 11291 
parabolic Anderson model, 11341 
partition function, 11291 
partition function hierarchy, 11291 
up/right path. 11291 
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partition, |26] 
length, M 
multiplicity, |26] 
partial ordering, [26] 
weight, [26] 

q-deformed functions 

binomial coefficients, [50] 

binomial theorem, [50] 

exponential functions, [5T] 

factorial, [501 

gamma function, [5l] 

Laplace transform, [5T] 

Pochhammer symbol, [50] 
q-Geometric distribution, [76] 
q-TASEP, [73] 

basic coupling, [71] 

graphical construction, [71] 

speed-changed process, [71] 

step initial condition, [73] 
q-Whittaker 2d-growth model, [72] 
q-Whittaker functions, [32] 

Givental integral representation, [53] 

Givental recursion relation, [53] 
q-Whittaker measure, [53] 
q-Whittaker process, [53] 
quantum 0[„-Toda lattice Hamiltonian, 11021 

specialization, [33] 

dual, M 

finite length, [33] 

Macdonald nonnegative, [Ml 

nonnegative, [M[ 

Plancherel, [35] 

pure alpha, [35] 

pure beta, [35] 

support, [25] 

trivial, [33] 
stochastic heat equation, 11361 
stochastic links, [45] 
symmetric functions 

complete homogeneous, [2H] 

complete homogeneous (g, t) analog, [29] 



elementary, [28] 
Hall-Littlewood, [28] 
Jack, [2H] 
Macdonald, M 
power sum, [28] 
ring, [28] 
Schur, [28] 
symmetric polynomial, [27] 
monomial, [27] 

Weyl chamber, 11541 

Whittaker 2d-growth model, IIOII 

entrance law, 11021 
Whittaker functions, [78] 

Baxter operator, [79] 

controlled decay, [80] 

degeneration of q Whittaker functions, 

dual Baxter operator, [SU] 

Givental integral representation, [78] 

Givental recursion, [78] 

Mellin Barnes representation, [79] 

orthogonality and completeness, [TH] 

Skylanin measure, [73 
Whittaker measure, [9T] 
Whittaker process, [9T] 

Young diagram, [26] 

horizontal m strip, [26] 
skew, [26] 

vertical m strip, [27[ 
Young tableaux 

column-strict, UE\ 
row-strict, [27[ 
semi- standard, [26] 
shape, [27[ 
weight, [27] 
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